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Introduction to 
Digital Systems 



□ 1.1 

WHAT IS A DIGITAL SYSTEM? 

Simply put, a digital system is a system that processes discrete information. 
The discrete entities making up this information may represent anything 
from simple arithmetic integers, letters of the alphabet, or other abstract 
symbols to values for a voltage, a pressure, or any other physical quantity. 
To a digital system, what these entities represent is not important in the 
processing of the information. What they represent is important, however, to 
the human observer who must interpret the results of the process. A digital 
system, then, is one that accepts as input digital information representing 
numbers, symbols, or physical quantities, processes this input information in 
some specific manner, and produces a digital output. 

In a large number of computer applications, the computer is required to 
process information related to physical quantities, such as pressure or tem- 
perature. Since nature is not digital, however, (unless, of course, one wants 
to go to the quantum-mechanical level), the physical quantity of time or 
temperature or whatever must, somehow, be converted to a digital form 
before it can be processed by the computer. The usual way of doing this is to 
first take the physical quantity to be processed and convert it into a voltage 
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Chapter 1 Introduction to Digital Systems 

or a current . 1 This is done by using a transducer — a device that converts 
energy coming into it in one form to energy in another form at its output. A 
thermocouple is a good example of a temperature transducer: it produces an 
output voltage proportional to its ambient temperature. This output voltage 
becomes an analog of the temperature of the device. 

We use analogs of physical quantities all the time. For example, the 
position of the mercury in a thermometer is an analog of the temperature, 
and the angular position of the hands of a clock is the analog of the time. The 
analog of a physical quantity is, like the quantity itself, usually a continuous 
variable. Since a computer operates only on discrete entities, which usually 
can be associated with numbers, the continuous variable representing the 
physical quantity must first be converted to a digital form. This conversion is 
carried out by an analog-to-digital converter (ADC ). 2 The digital output from 
the ADC, then, is a discrete approximation to the actual value of the continu- 
ous physical variable. The computer or other digital system can now process 
the information for whatever purpose is required. 

Let us take a look at a typical digital system where these ideas are put 
together to perform a simple task. Suppose we have to maintain a given 
constant temperature in a liquid, such as the developer used in a photo- 
graphic processing lab. To do this we must measure the temperature of the 
developer and then use the result of our measurement to turn on or turn off a 
heating element that surrounds the developer. To perform this task, a ther- 
mocouple might be used as the transducer that converts the temperature of 
the liquid to an analog voltage. This voltage would then be converted to a 
digital value of sufficient precision to ensure the accurate control of the 
temperature. The resulting digital value would then be used by some digital 
system, such as a microprocessor, to determine whether the heating element 
should be on or off. This digital system is also an example of a feedback 
control system, in which the result of an action taken by the system, in this 
case turning the heater element on or off, is “fed back” in order to determine 
whether a new and different action should be taken. 



1 At least, this is what might be expected of an electrical engineer. A mechanical engineer, on 
the other hand, might prefer to convert the physical quantity into a position of a lever or a 
gear. 

2 A device that carries out the reverse process, converting a digital quantity back to an analog 
value, is called a digital-to-analog converter ( DAC ). 
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□ 1.2 

WHY ARE DIGITAL SYSTEMS SO PERVASIVE? 

We might logically ask in the example above why we should use a digital 
system for this simple control function. After all, mechanical thermostats, 
which perform the given task, are readily available and inexpensive. To 
answer this question we need to look closer at why more and more of the 
everyday products that we encounter are becoming digital. There are three 
fundamental reasons that this is happening: 

1. Flexibility 

2. Reliability 

3. Cost 

Consider, for example, the temperature control system described above. It is 
obvious that the system described could easily be replaced by a mechanical 
thermostat. However, suppose we wish, at a later time, to add some features 
to the system, such as, for example, the ability to automatically change the 
temperature of the developer at different stages of the development process. 
Such a programmable thermostat is easily achieved using digital systems. In 
fact, if we were to use a microprocessor as part of such a temperature control 
system, we could control not only the temperature of the developer but the 
entire film development process. This idea is precisely why “same day” film 
processing services are so readily available. Clearly, it would be difficult to 
obtain this degree of flexibility in any other way with the ease with which we 
can accomplish it using a digital system. 

To get some idea of how reliable digital systems can be, we need only 
look at the way in which information is represented in these systems. A 
digital system processes information in a discrete form which is normally 
binary. The two values of a binary digit, or bit, are 1 and 0. These values are 
commonly represented in a digital system by two different voltages. In fact, 
the 1 is usually represented by a range of voltages and the 0 by another, 
nonoverlapping range of voltages. In one implementing technology, the TTL 
(transistor-transistor logic) technology, a 1 is represented by voltages in the 
range of 2 to 5 volts (V) and a 0 is represented by voltages in the range of 0 to 
1 V. Because these values are represented by a range of voltage, any minor 
change in voltage level due to noise or other external events will not cause a 
0 to be misinterpreted as a 1, or vice versa. As we shall see in the next 
chapter, arbitrary numbers and symbols can be represented by strings of Is 
and Os. It is possible to design these digital representations so that even if 
noise is so large as to change the voltage corresponding to a 1 to the range for 
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a 0, for example, the original representation can be re-created. A good exam- 
ple of this is a compact disk (CD), in which digital information, representing 
sound, is encoded in such a way that a 1-mm hole could be drilled through the 
disk without the loss of a single note! 3 Obviously, this degree of reliability 
makes digital systems extremely attractive for any application requiring 
highly reliable operation, and especially for applications where a human life 
depends on the outcome of this operation. 

Digital systems from their very inception have been flexible and reli- 
able. Their more recent use in every day items, such as watches, calculators, 
and household appliances, has come about because of their very low cost. 
The cost of digital devices has dropped dramatically over the past 30 years. 
This is illustrated by the cost of some of the 7400 series small-scale digital 
integrated circuits, which in the early 1960s was around $70 apiece. These 
devices, which are still available and extensively used, can be purchased for 
less than 15 cents today. A similar reduction in cost can be seen in one of the 
first microprocessors, the Intel 8080. This device, which appeared in produc- 
tion around 1972, originally cost about $300. Its price at one point in recent 
years dropped to around $2 or less. The cost of computer memory has 
followed similar trends. In the 1950s, memory costs were generally figured in 
the dollars per bit range, whereas today the cost is more likely to be in 
millicents per bit. These dramatic cost reductions have come about because 
of advances in integrated circuit technology, specifically, the ability to put 
hundreds of thousands of transistors on a piece of silicon roughly 6 mm 
(i inch) on a side. Clearly, the trend is for increasingly complex functions to 
be integrated in silicon at increasingly reduced prices. 



□ 1.3 

ORGANIZATION OF THE BOOK 

The purpose of this book, then, is to introduce the student to the basic 
concepts required to design a digital system. For this purpose the book is 
organized into nine chapters, each dealing with a subject either essential or 
just very helpful to the design of digital systems. A number of examples are 
given throughout the text in order to illustrate the various concepts. Each 
chapter ends with an annotated bibliography giving sources for further infor- 
mation on topics discussed within the chapter and a set of exercise problems 



3 An excellent discussion of this error-correction ability can be found in the article “The 
Digital Reproduction of Sound,” by John Monforte, which appeared in the December 1984 
issue of Scientific American. 
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which further illustrate these principles. Chapters 2 through 5 cover the 
essential material required for the design of any digital system, whether it be 
a computer or a simple controller, such as the temperature controller de- 
scribed in this chapter. Chapters 6 and 7 describe concepts which can make 
large-scale systems easier to design and more efficient in implementation. 
Chapter 8 discusses a number of special issues that are becoming, for one 
reason or another, such as VLSI (very large-scale integration) design and 
artificial intelligence, of increasing interest. Finally, Chapter 9, which does 
not heavily depend on the material in Chapters 6, 7, and 8, describes in some 
detail how these ideas can be put together to construct a large-scale digital 
system — for example, in the design of a computer or a controller for an 
industrial process. A very brief description of the subjects covered in each of 
these chapters follows. 

Chapter 2 discusses number representations and methods of informa- 
tion coding, this chapter also discusses binary arithmetic in some detail. 

Chapter 3 defines and details the algebra required for digital system 
design — Boolean algebra and its subset switching algebra. 

Chapter 4 introduces the fundamental building block of digital system 
design, the logic gate. A symbology standard that helps to clarify the opera- 
tion of circuits designed using these gates is also discussed. Together with 
the switching algebra presented in Chapter 3, this chapter serves as an intro- 
duction to combinational circuit design. Combinational circuits are those in 
which the output is a function only of the circuit inputs at any given instant of 
time. 

Chapter 5 introduces a class of circuits called sequential circuits, in 
which circuit outputs are fed back to the input. This causes the output to 
become a function of not only the current input but also some past sequence 
of inputs. This chapter also introduces the flip-flop circuit element and shows 
how this device can be used in the sequential circuit to control the time at 
which the outputs change. Since this time of change is controlled by a single 
system clock, circuits of this type are generally referred to as synchronous or 
clocked sequential circuits. This is the class of sequential circuits that is 
generally used to control the operations within a computer. 

In Chapter 6, sequential circuits that are not controlled by a clock are 
investigated. Since no clock is present in such a system to synchronize the 
circuit outputs, such circuits are referred to as asynchronous sequential 
circuits, or sequential circuits operating in the fundamental mode. Flip-flops 
themselves are analyzed and designed in this chapter, along with many other 
very useful fundamental-mode devices. 

Chapter 7 deals with sequential circuits in which more than one clock 
signal is present. We will refer to such systems as multiply clocked sequen- 
tial circuits. This chapter also briefly discusses a particular subclass called 




Chapter I Introduction to Digital Systems 

pulse-mode circuits, in which the input clock signals are considered to b< 
very short pulses. 

In Chapter 8 a number of special topics are introduced that are impor 
tant in various application areas of digital systems; for example, VLSI desigi 
and artificial intelligence. 

Finally, Chapter 9 applies the ideas developed in preceding chapters t< 
the design of large-scale digital systems. This chapter gives a model for sucl 
systems and presents methods for organizing their design. 
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0 0000 0011 

1 0001 0100 

2 0010 0101 

3 0011 0110 

4 0100 0111 

5 0101 1000 

6 0110 1001 

7 0111 1010 

8 1000 1011 

9 1001 1100 



Number Systems 



□ 2.1 

INTRODUCTION 

It may be obvious that a digital computer operates only on numbers. The way 
in which the machine operates on these numbers, however, is a function of 
what the numbers represent (do they represent themselves, other numbers, 
or alphanumeric characters?) and in what form they are represented. 
Clearly, the design of the central processing unit, the portion of the com- 
puter that handles all arithmetic and logic operations, cannot be carried out 
without a complete knowledge of the form in which the numbers are repre- 
sented in the machine. Furthermore, this form is generally quite different 
from the way numbers must be represented to the human operator, and so 
there has to be some type of conversion in the computer input/output 
system. 

The purpose of this chapter, then, is to discuss the various ways in 
which numbers and other quantities are represented and manipulated in a 
computer. In addition, various forms of data encoding, as well as binary 
arithmetic, will be examined. 
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□ 2.2 __ 

BASE CONVERSION 

The number system we most often use is the decimal system. For various 
reasons, which will be examined later, the decimal number system is not a 
convenient one for a computer to use. Computers work most efficiently on 
information that is binary. Since computers are not good with decimal num- 
bers and people are generally not very proficient with the use of binary 
numbers, some type of conversion between these systems must occur at the 
interface between people and computers. In this section we examine the 
various issues involved in the conversion. 

2.2.1 Radix r-to-Decimal Conversion 

A positional notation has long been used for writing numbers. In such a 
representation the position of each digit indicates the weight associated with 
the digit. 1 In particular, the number 276.5 would be interpreted as 

2 x 10 2 + 7 x 10 1 + 6 x 10° + 5 x 10' 1 = 276.5 (2.2.1) 

The various powers of 10 used in this representation, which are the respec- 
tive weights, are indicative of the assumption that the number 276.5 was 
written as a decimal number, or a number written in base 10. The base of a 
radix number is also referred to as the radix of the system. 

In general, the radix of a system can be anything; 5 or 12 or -3, or even 
an irrational number, such as it or e. Usually, however, the radix of number 
systems is taken as a positive integer. When a number is written in a base 
other than 10, the radix used must somehow be noted so that the number can 
be properly interpreted. Usually, this is indicated by placing the number in 
parentheses and attaching a subscript at the end to indicate the base. Thus 
(1321)4 indicates that the number 1321 has a radix of 4 and would be inter- 
preted as follows: 

(1321) 4 = 1 x 4 3 + 3 x 4 2 + 2 x 4 1 + 1 x 4° (2.2.2) 

Note that if the arithmetic in Equation (2.2.2) is carried out in the decimal 
system, the number (1321) 4 must be the same as the number 121 in base 10! 
In general, a number of radix r, A r , can be written as 



1 The Roman numeral system is an example of a system that uses a nonweighted notation for 

representing numbers. 
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A r = (a„a„- 1 ■ • • a 0 .a~] ■ • ■ fl-*,), = 2 fl i r ' (2.2.3) 



where the a t are digits in the radix r system and where the point (.) is termed 
radix point the radix point, which, as is customary, separates the integral and fractional 

parts of the number. Carrying out the arithmetic of Equation (2.2.3) in the 
decimal number system results in the decimal equivalent of A r . For example, 
consider the problem of finding the decimal number equivalent to (364.2 13) 7 . 
The value is found by using the notation of Equation (2.2.3) as follows: 

(364.213)7 = 3 x 7 2 + 6 x 7 1 + 4 x 7 ° + 2 X 7" 1 + 1 x 7‘ 2 + 3 x 7“ 3 
= (193.314868 . . .) 10 

where the trailing points indicate that additional fractional digits occur. 

2.2.2 Decimal-to-Radix r Conversions 

Conversion from some radix r to decimal is quite straightforward, as just 
indicated. The question that naturally arises next is how to convert from 
decimal to an arbitrary radix equivalent. To see how this process may be 
carried out, let B ]0 be a given decimal number that is to be converted to a 
number A r radix r. That is. 



Bio = A r = (a„a„-i • ■ ■ a 0 ), 

or, expanding A r , 

2?io = a n r n + a n -ir H ~ x + • • • + a + a 0 
Now, if 5 10 is divided by r. Equation (2.2.5) becomes 



- a 2 r + ai) + 



a 0 



(2.2.4) 



(2.2.5) 



( 2 . 2 . 6 ) 



where Int and Frac indicate the integral and fractional parts of B l0 /r. From 
Equation (2.2.6), we see that 



a 0 - Reml — ) 



(2.2.7) 
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where Rem means the remainder of B\Jr. If this process is now repeated 
starting with Int(5 I0 /r), the next remainder will be a\ and the next integral 
part will be a„r n ~ 2 + c„_ir'' -3 + • ■ ■ + 0 2 . Continuing this process until no 
integral part remains will produce the digits of A, . 

Consider as an example the problem of finding the base 3 equivalent of 
(278)i 0 . The work may be carried out as follows: 



Quotient 


Remainder 


3)278 




3)92 


2 = u 0 


3)30 


2 = 


3)10 


0 = a 2 


3)3_ 


1 = a 3 


3U_ 


0 = a 4 


0 

Stop 


1 = 0 5 



Thus 



<278)io - (101022)3 

As a check, convert (101022) 3 back to decimal: 

(101022)3 = 1 x 3 s +1X 3 3 + 2 x 3 + 2 = (278), 0 

Numbers, in general, have fractional parts as well as integral parts. 
Conversion of these fractional parts to an equivalent radix r representation 
may be carried out in a manner similar to the conversion of the integral parts. 
Let Rio now represent a fractional decimal number equivalent to a fractional 
number A, in radix r. Thus 



Rio = A r = (0.a_,o_ 2 • • • o_ m ) r 

= a-ir' 1 + a- 2 r~ 2 + • • • + a- m r~ m 

Multiplying the result of Equation (2.2.8) by r yields 



( 2 . 2 . 8 ) 



rB io = a - 1 + (o^r -1 + • • • + a- m r~ m+1 ) 



(2.2.9) 
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from which the integral part becomes a -, . The fractional part, (a~ 2 r~ l + ■ • 

+ a- m r~ mJry ), when multiplied by r yields a- 2 , and so on. Thus repeated 
multiplication by r yields the successive digits of the radix r representation of 
the fractional number B ]0 . 

As an example, consider the conversion of (0.27) 10 = (?) 4 - The process 
goes as follows: 



Integer 


Fraction 




.27 

x4 


a- [ = 1 


.08 

x4 


a~2 = 0 


.32 

x4 


a_ 3 = 1 


.28 

_x4 


a - 4 - 1 


.12 



Thus (0.27) 10 = (0.1011 . . .) 4 , and as a check, 

(0.1011 . . .) 4 = 1 x 4' 1 + 1 x 4~ 3 + 1 x 4" 4 + ■ • • 
= (0.2695 . . .),„ 



As is generally the case, this conversion process yields a nonexact equiva- 
lent. This fact must be taken into account when computation is done with a 
computer not using the decimal system. 

The conversion of general decimal numbers with both integral and 
fractional parts can now easily be handled by simply converting each part 
separately and combining the results. For example, solve the equation 
(123.56) 10 = (?) 7 . First, convert the integral part: 

7 )123 

7 ) 17 4 

7 ) 2 3 

0 2 
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Next, convert the fractional part: 



.56 

x7 

3 .92 

x7 

6 .44 

x7 

3 .08 

x7 

0 .56 



The result then becomes 

(123.56) 10 = (234.3630 . . .) 7 

where, as usual, the trailing points mean the result is not exact. 

Conversion between two nondecimal systems can be handled most eas- 
ily by using the decimal system as an intermediate step. For example, the 
problem of solving (1354.24) 6 = (?) 4 would be accomplished by first convert- 
ing from base 6 to base 10 and then converting this base 10 number to base 4. 
Thus 



(1354.24) 6 = (358.4444 . . .)» 

= (11212.1301 . . .) 4 

2.2.3 Counting In a Radix r System 

In the conversion process just described, it is interesting to note that the only 
numerical values the digits may take fall in the range of 0 to r - 1. Further- 
more, note that 



10, = 1 x r 1 + 0 x r° = r 10 (2.2.10) 

Because of these two observations, counting in radix r always produces the 

sequence of numbers 0, 1, 2 (r — 1), 10, 11, 12, ... , l(r - 1), 

.... Figure 2.2.1 shows the counting sequence for various radices. 
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decimal to 
binary 



Decimal r =* 2 r = 3 



0 0 0 

1 1 1 

2 10 2 

3 11 10 

4 100 II 

5 101 12 

6 110 20 

7 111 21 

8 1000 22 

9 1001 100 

10 1010 101 

11 1011 102 

12 1100 110 



0 

1 

2 

3 

5 

6 
7 

10 

11 

12 Figure 2.2.1 

13 Counting in various systems of 

14 different radix r. 



When r > 10, a problem arises in the representation of those digits * in 
the range 9 < x < r, since no standard symbols exist for these numbers. By 
convention, capital letters are used to represent these digits. Thus, for r = 16 
(the hexadecimal system), the counting sequence would be 0, 1, 2, 3, 4, 5, 6, 
7, 8,9, A,B,C,D,E, F, 10, . . . , where (A)„ = (10), 0 , (B),« = (ll) l0 , and 
so on. 

2.2.4 Binary, Octal, and Hexadecimal 
Conversions 

Normally, computations within a computer are carried out in the binary, or 
base 2, system. This is principally because digital circuits are usually two- 
state devices. Circuit elements having more than two states do exist, but 
these generally suffer from low reliability and other difficulties, some of 
which will be alluded to later. 

Conversion from binary to decimal, and vice versa, is carried out as 
described above but is generally much easier than conversions between deci- 
mal and a radix larger than 2. An example will help illustrate: Convert (132)i 0 
to ( x ) 2 . The conversion goes as follows: 

2 )132 

2)66 0 

2)33 0 

2)16 1 

2)8 0 
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octal 

hexadecimal 



2)4 0 

2)2 0 

211 0 

0 1 

and thus (132) ]0 = (10000100) 2 , which, as a check, yields 
2 7 + 2 2 = 128 + 4 - (132)io 

In a binary number, each binary digit, or bit, is weighted as a power of 2. 
Thus, as this example illustrates, conversion from binary to decimal requires 
only the addition of the powers Of 2 corresponding to the Is in the number. 

Generally, working with binary numbers is somewhat cumbersome, be- 
cause of the large number of bits required to make up even small decimal 
equivalents. For this reason, the octal and hexadecimal, or just hex, systems 
are commonly used to represent these numbers. To see the relationship 
between binary, octal, and hex, consider the binary number 1 1010101 1: 2 

110101011 = 1 x 2* + 1 x 2 7 + 0 x 2 6 + 1 x 2 5 + 0 x 2 4 

+ 1 x 2 3 + 0 x 2 2 + 1 x 2 1 + 1 x 2° 
= (1 x 2 2 + 1 x 2 1 + 0 x 2°)2 6 + (1 x 2 2 + 0 x 2 1 + 1 x 2°)2 3 
+ (0 x 2 2 + 1 x 2 ! + 1 x 2°)2° 
= 6 x (2 3 ) 2 + 5 x (2 3 ) 1 + 3 x (2 3 ) 0 
= 6 x 8 J + 5 x 8 1 + 3 x 8“ 

= (653) 8 

This example illustrates the extreme ease of conversion from binary to octal. 
The conversion simply involves grouping the bits in threes and writing the 
decimal value of each group. Thus 

(101 HI !00) 2 
= ( 5 7 4 ) 8 

In an exactly analogous fashion, the conversion from binary to hex can be 
simply carried out by grouping the bits in fours. Consider, for example, the 
following conversion: 

(0001 0111 1100) , 

= ( 1 7 C ) 16 

2 The subscript 2 is omitted here because the number was described as a binary number. 
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where C represents the twelfth hex digit. 

If it is necessary to convert a number from hex to octal, or vice versa, it 
is generally easier to use binary rather than decimal as the intermediate step. 
For example. 



(1A8E)i 6 = (?) g = (0001 1010 1000 1110) 2 
- (001 101 010 001 110) 2 
= (1 5 2 1 6)s 



The result here is obtained by doing nothing more than writing the hex 
number in binary and then regrouping the bits to form the octal result. 



BINARY ARITHMETIC 

Carrying out arithmetic operations in binary may take a bit of getting used to, 
but it is generally simpler than it is in decimal, since the addition and multipli- 
cation tables are so simple. These tables are given in Figure 2.3.1. 
addition Consider as an example of the addition process the sum of the two 

binary numbers A = 101 1 10 10 and B = 1 101 1 1 . The addition is carried out as 
follows: 



11111 (carries from preceding bit position) 

10111010 
+ 110111 
11110001 

As a check, we note that A = (186) 10 and B = (55) 10 , and thus the decimal 
value of A + B is 241, which is equal to binary 11110001. 

In carrying out the addition in the example above, a number of incidents 
occurred where more than two bits had to be added. This, of course, was 
caused in each case by the carry generated by the addition of the previous 



0 + 0 = 0 
0 + 1=1 
i + 1 = 10 

(a) 



0x0 = 0 
0x1=0 
lxl = l 



(b) 



Figure 2.3.1 

(a) Addition and jb) multiplication tables 
for binary numbers. 
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Cany in 



multiplication 



subtraction 



A, 



0 0 

0 0 

0 1 

0 1 

1 0 

1 0 

1 I 

I 1 



B, | Sum, Cany out 



0 0 0 

I I 0 

0 1 o 

1 0 1 

0 1 o 

1 0 1 

0 0 1 

1 1 l 



Figure 2.3.2 Addition table including carries. 



bits. An alternative representation for the addition table of Figure -.3.1 
which includes the carry to be added as well as the carry generated is given in 
Figure 2.3.2. It will be shown later that this table can be used, in the form 
given, to generate hardware that performs binary addition in a computer’s 
central processing unit. In using this table it should be noted that the number 
in the “carry in” column of the table is the carry that has been generated by 
addition of the numbers in the previous column, i- 1, of bits and the carry 
out is the carry in of the next column of bits, f + 1. ... 

As with decimal arithmetic, multiplication uses both the multiplication 
table and the addition table. The process is carried out by first multiplying the 
multiplicand by each digit of the multiplier to form a set of partial products. 
These partial products are then added to form the final product. For exam- 
ple, 



101100 multiplicand 

x 1011 multiplier 

101100 

101100 partial products 

000000 
101100 

111100100 product 

This result is easily checked by multiplying the decimal equivalents of the 
binary multiplicand and multiplier as follows: 

(101100)2 x (IOID2 = 44 x 11 = 484 = (111100100)2 

Subtraction and division introduce the same extra complexities in bi- 
nary as they do in decimal arithmetic: borrowing, and estimating quotient 
digits. Consider first the problem of subtraction. A subtraction table may be 




Section 2.3 Binaiy Arithmetic 



17 



with a borrow from the next 
higher bit position 



Figure 2.3.3 

Binary subtraction table. 



set up in the manner shown in Figure 2.3.3; the table is similar in form to the 
addition table given in Figure 2.3.1. Using this table, the difference between 
the two binary numbers 10000 and 101 is computed as follows: 

0 111 resulting bit after borrow 

1WIV0 
- 1 0 1 
10 11 

Some other examples are as follows: 

1010 - 1 = 1001 

110010 - 101 = 101101 

1101 - 100101 = -11000 



division 



It will be shown in the next section that subtraction can actually be per- 
formed by first “coding” the subtrahend and then using addition, thus avoid- 
ing the various complications arising because of the borrows. 

Long division may be carried out in binary in a manner equivalent to 
decimal division, but it is generally much easier, since there is virtually no 
need for estimation of quotient digits. An example will best illustrate the 
process. Consider the problem of determining 100101/101. There are many 
ways of organizing the work. However, a classic approach is as follows: 




quotient 



remainder 
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Thus 100101/101 = 111 with a remainder of 10; or, as a check, in decimal the 
division problem becomes 37/5 = 7 = (1 1 1) 2 with a remainder of 2 = (10) 2 . As 
a second example, consider the problem 11010111/110: 

100011 

110)11010111 

HO 

1011 

_I!0 

1011 

no 

101 

Here the result is 10001 1 with a remainder of 101, or, in decimal, as a check, 
215/6 = 35 with a remainder of 5. . 

Notice that in both examples, estimating whether or not the divisor will 
go into a partial dividend requires only the step of determining whether or 
not the partial dividend is greater than or equal to the divisor. If it is, the 
value that is put into the quotient has to be a 1 ; the divisor is then subtracted 
from the partial dividend. If it is not, a 0 is placed in the quotient and the next 
bit of the dividend is brought down; the process is repeated until a 1 can be 
placed in the quotient and the divisor can be subtracted from the resulting 
partial dividend. 



□ 2.4 

COMPLEMENT ARITHMETIC 

It was mentioned in Section 2.3 that subtraction can be carried out by using 
addition if the subtrahend is “coded” properly. The implication of this, with 
regard to the design of a computer, is that a single piece of hardware, an 
adder, can be used to perform all arithmetic operations. This happens be- 
cause’ binary multiplication involves addition only and binary division in- 
volves subtraction only. This clearly simplifies the design process as well as 
the designed hardware. The purpose of this section, then, is to describe this 
coding and show how it can be used for number representation and arith- 
metic operations. 

2.4.1 Radix and Diminished Radix Complements 

radix Let A be an n-digit integer in radix r representation. Then the radix comple- 

complement merit of A is defined as 
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diminished 

radix 

complement 



A* = radix complement of A = r n - A (2.4.1) 



and the diminished radix complement is defined as 

A + — diminished radix complement of A = r n — A — 1 (2.4.2) 

To see how the complement representation of a number can be used in the 
subtraction process, let A and B be two n-digit numbers 3 and suppose that 
B - A is to be determined. The claim is that the difference can be found by 
adding the radix complement of A to B, or 



A* + B = r n -A+B 
= r" + (B - A) 



(2.4.3) 



Recall from the preceding section that no = 10 r . Thus r n in radix r arithmetic 
is just 1 followed by n zeros. Two possible cases occur here. First, assume 
thatR > A. Then the result is positive and Equation (2.4.3) yields the correct 
n-digit difference preceded by a 1. An example may help. Let A = 0592 and 
B = 3456 be two 4-digit decimal numbers. From Equation (2.4.1), 



A* = 10000 - 0592 = 9408 (2.4.4) 



and adding this complement to B, we obtain 

B + A* = 3456 + 9408 = 1 2864 



Ignoring the 1, +2864 is, of course, the correct answer. 

The second case occurs when A > B. In this case, Equation (2.4.3) may 
be written as r n - (A - B), and since A - B is now positive, the result is, by 
definition of the radix complement in Equation (2.4.1), the radix complement 
of A - B ! That is, the result is a negative number that is in radix complement 
form. For example, let A = 6734 and B = 523; then, as before, 

A* = 10000 - 6734 = 3266 (2.4.5) 

and adding this to B, we have 

B + A* = 523 + 3266 = 3789 

which is the radix complement of 6211, the difference between 6734 and 523. 
Here, however, the result is negative. 

3 If the two numbers do not have the same number n of significant digits, then the smaller may 
have zeros appended on the left to make up the necessary n digits. 
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In the first case, where B - A was positive, n + 1 digits appeared in the 
complement sum, with the leftmost being ignored and the remaining digits 
being the magnitude of the correct answer. In the second case, where B — A 
was negative, the complement sum had only n digits and was the radix 
complement of the answer. In this case the magnitude of the answer can be 
found by taking the radix complement. In both cases, however, the differ- 
ence of A and B was found by the use of addition (ignoring for the moment 
that the complement was found by subtraction). 

This process is particularly simple when applied to binary numbers. 
Consider, for example, the subtraction of A = 110101 from B = 111001, that 
is, the problem B - A = (?). The first step is to find the 2’s complement of A. 
In this case both numbers have 6 bits, making n = 6 in Equation (2.4.1), so 

A* = 1000000 - 110101 

Before carrying out this subtraction, note that from Equation (2.4.2) 

A* = A + + 1 (2-4.6) 



so that 



A* = (1000000 - 1 - A) + 1 
= (111111 - 110101 ) + 1 
- ( 001010 ) + 1 
= 001011 

The important thing to observe from this is the extreme ease with which the 
l’s complement is found: simply interchange Is and 0s, which requires no 
subtraction at all. The 2’s complement is then obtained by adding 1. Continu- 
ing with the problem now requires that A* be added to B to obtain the 
answer: 

A' + B = 001011 + 111001 = 1 000100 

Since the result has a carry out of the sixth bit position, the result is positive 
and has a value of 100. This, of course, can be checked by simply subtracting 
the original two arguments. 

In this example, absolutely no subtraction was used to obtain the differ- 
ence between two binary numbers, since the 2’s complement of A was found 
by interchanging Is and 0s and then adding 1 to the result. It is important to 
remember that both numbers must contain the same number of bits at the 
start. Some further examples will illustrate this procedure. 
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1011011 - 0010110 = 1011011 + 1101001 + 1 
= 1 1000101 

10011 - 10111 = 10011 + 01000 + 1 = 11100 
110100110 - 11001 = 110100110 + 111100110 + 1 
= 1 110001101 

1 - 100000 = 000001 + 011111 + 1 = 100001 



(positive) 
(negative 00100) 

(positive) 
(negative 011111) 



In each of these examples the 2’s complement was generated by taking 
the l’s complement and adding 1. A very simple, and mechanical, alternative 
to this is the following. Starting on the right and moving to the left, copy the 
rightmost zeros until reaching the first 1. Copy this 1. From this point on 
copy the complements of the remaining bits. For example, to convert A = 
10110100 to its 2’s complement form, we proceed as follows: 



Complement Copy 

A = 10110 100 

A* = 01001 100 

This simple procedure works because in taking the l’s complement of A, the 
rightmost three bits would become Oil. After adding 1 to obtain the 2’s 
complement, these bits become 100, the original right three bits. 

Before proceeding to examine how the sign of a number can be made 
part of the number, let us go back for a moment to the decimal system. 
Equation (2.4.6) may be used to compute the 10’s complement of A* in 
Equation (2.4.4) in a particularly simple manner. Specifically, 

A* = (10000 - 1 - 0592) + 1 
= (9999 - 0592) + 1 
= 9407 + 1 
= 9408 

Notice that although subtraction was required to get the 9’s complement, it 
was a particularly simple subtraction requiring no borrows. This occurred 
because each digit of A was subtracted from 9 to obtain the corresponding 
digit of A + . Thus, converting A to A + requires at each digit position only a 
knowledge of that digit and not the whole number. This can be done by a 
“table look-up” procedure (as will be described in Section 2.5.4), which 
requires no subtraction at all. 

Subtraction can also be carried out using the diminished radix comple- 
ment. In this case, however, the carries cannot be ignored. Using the dimin- 
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carry 
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magnitude 
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complement 



Chapter 2 Number Systems 

ished radix complement, if a carry is generated it must be added to the result. 
This addition is referred to as an end-around carry. For example, consider 
the subtraction of 101101 from 111001. Taking the l’s complement of 101101 
and adding, we obtain the result 

111001 

+ 010010 (l’s complement of 101101) 

001011 

' > 1 add end-around carry 

001100 

As was the case for the radix complement, the generation of a carry implies 
that the result of the addition is positive. The absence of a carry implies a 
negative result. Problem 2.11 at the end of this chapter explores the reason 
for the end-around carry. 

One problem with the diminished radix complement is that the repre- 
sentation for the number 0 is not unique. To see this, note that the l’s 
complement of 000000 is 111111. Thus both of these numbers must represent 
the number 0. The nonuniqueness of the number 0 is one of the reasons that 
the diminished radix complement is seldom used in actual designs. 

2.4.2 Binary Signed Representations 

In the examples just worked, the sign of the result was inferred by whether or 
not a carry was generated out of the high-order bit position. It would be 
extremely useful if the sign of the number could be carried as part of the 
number itself. In the decimal system that most of us have grown up with, this 
is handled in a sign magnitude representation in which each number is pre- 
ceded by a sign, such as +149 or —3765. When the sign is missing, the 
number is usually considered to be positive. Such a representation can work 
in a computer as well. However, the representation almost always used by 
the computer hardware is a signed 2’s complement representation. In this 
representation, the leftmost (or most significant) bit is taken as the sign. The 
sign of the number is minus if this bit is 1 and plus if it is 0. The bits following 
the sign are either the magnitude of the number, if the sign is plus, or the 2’s 
complement of the magnitude of the number, if the sign is minus. This 
representation has many advantages, not the least of which is that a string of 
computations may be carried out without regard to the resulting sign at each 
step. The sign of the answer will be found as the sign bit of the final result. 

In a signed 2’s complement representation it is always assumed that the 
number of bits in the operands is the same. In a large number of microproces- 
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sors this number is 8 bits, which is defined as a byte. Some examples of 
numbers represented in this manner are the following: 



Signed 2’s complement 


Sign-magnitude 


Decimal 


00111010 


= +0111010 


= +58 


11100101 


= -0011011 


= -27 


10000001 


= -1111111 


= -127 


01111111 


= +1111111 


= +127 



By convention, the number 10000000 is taken as 128. This makes a certain 
degree of sense, because -127 - 1 - -128, which, when carried out in 
signed 2’s complement arithmetic, yields 10000001 + 11111111 — 

(1)10000000, where the carry out of the high-order bit position, shown in 
parentheses, is ignored, as before. Thus numbers represented in this form 
using 8 bits, or a byte, can take on values ranging from -128 to +127. 

To illustrate how this representation carries the sign through a string of 
computations, consider a couple of examples using a 4-bit signed 2’s comple- 
ment form (4 bits is often referred to as a nibble). Let A = 0011 (+3) and B = 
0100 (+4). Then 



A + B = 0011 + 0100 = 0111 (+7) 

A — B = 0011 + 1100 = 1111 (-1) 

-A + B = 1101 + 0100 = 1 0001 (+1) 

where we ignore the carry, as before; and 

-A - B = 1101 + 1100 = 1 1001 (-7) 

where again we ignore the carry. Notice in these examples that the sign bit is 
treated in exactly the same way as any other bit and that the carries out of the 
sign bit position are ignored. 

The addition of two n-bit numbers can result in a number whose value 
requires more then n bits to represent. Such a situation is referred to as 
overflow if the result is positive and underflow if the result is negative. It is 
important that the occurrence of overflow or underflow be detected so that 
decisions are not based on incorrect results. In a signed 2 s complement 
representation, overflow or underflow occurs whenever the sign of the two 
arguments is the same but different from the sign of the result. For example, 
let A = 01101000 and B = 01011000 be two 8-bit signed 2’s complement 
numbers (A = + 104 and B = +88). Since the sum of these two numbers (192) 
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is greater than +127, the largest number possible in an 8-bit signed 2’s com- 
plement representation, an overflow will occur when we add the two num- 
bers. In particular, A + B = 11000000, which indicates a negative result. 
Problem 2.15 gives another indication of the occurrence of overflow or 
underflow. 



□ 2.5 
CODING 



It is usually the case that we interact with a computer via a keyboard in 
which each key represents some piece of information such as an alphabetic 
or numeric character or a control character (e.g., a tab, a space, or a line 
feed). The key inputs must be converted to some binary form before the 
computer can process them. This is usually done by assigning a specific 
pattern of bits to a byte so that there is a byte stored somewhere in the 
computer’s memory to correspond to each keyboard input. One such code is 
the ASCII code, which will be discussed in Section 2.5.4. 

Information may also enter the computer from external sensors (such as 
thermometers or strain gauges), from switches, from shaft position indica- 
tors, and from many other devices. All of this information must be converted 
in some way to binary for proper handling by the computer. Furthermore, it 
may be convenient, in some applications, to handle the numbers internally as 
decimal digits which have been suitably encoded in some binary form. This 
type of representation is very common in hand-held calculators and other 
devices where numeric information must be constantly entered by a human, 
processed, and finally returned to the human in numerical form. 

Many other reasons exist for coding information; among them are en- 
cryption and error detection and correction. The purpose of this section, 
then, is to describe a few of the commonly used codes and discuss how they 
are internally handled and how we can convert from one code to another. 

2.5.1 Binary-Coded Decimal (BCD) 
and Excess-3 Codes 

One of the most common internal representations for decimal numbers is the 
binary-coded decimal, or BCD, representation. In this form, the ten decimal 
digits are represented by a 4-bit binary number whose value is the decimal 
digit. For example, the digit 9 is coded as 1001. Figure 2.5.1 gives the code 
for each of the ten digits. In this form a number such as 1853 would be 
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Decimal BCD Excess 3 



0 0000 0011 

1 0001 0100 

2 0010 0101 

3 0011 0110 

4 0100 0111 

5 0101 1000 

6 0110 1001 

7 0111 1010 

8 1000 1011 

9 1001 1100 



Figure 2.5.1 

BCD and excess-3 codes. 



represented internally as 0001 1000 0101 0011. Addition can be carried out 
in BCD by adding two numbers as if they were binary but with some slight 
modification to the computational process. Consider, for example, the addi- 
tion problem 253 + 314. In BCD this becomes 

0010 0101 0011 

+ 0011 0001 0100 

0101 0110 0111 = 567 

which is, of course, the correct answer. The addition in this example was 
carried out by simply adding the two numbers in binary. Note that no carries 
between digits were generated, because the sum in each digit column never 
exceeded 9. If the sum of two digits is a number greater than 9, then one of 
two things can happen: either the resulting 4 bits is not a legal BCD code 
(i.e., it is not one of the ten in Figure 2.5.1), or a carry occurs out of the 4-bit 
group. An example of the first situation would be the addition of, say, 6 + 8, 
which in BCD becomes 



0110 
+ 1000 
1110 

which is not a legal BCD number. Adding 6 to this result will yield the correct 
answer (why?). Thus the answer is 

1110 
+ QUO 



1 0100 = 14 in BCD 
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The second case will occur for additions such as 8 + 9: 

1000 

+ 1001 
1 0001 

In this case we note that although the low-order 4 bits represents a legitimate 
BCD number, the result of the addition yields a number greater than 9, as 
indicated by the carry, and so the correct answer may be obtained once again 
by adding 6. Thus 



1 0001 
+ OHO 

1 0111 = 17 in BCD 

Consider, as a somewhat more complex example, the problem of finding the 
sum of 769 and 358, which in BCD becomes 



0111 
+ 0011 


0110 

0101 


1001 

1000 




1010 
+ 0110 


1011 1 
0110 i 


0001 

0110 


add in the 6s 


1 0000 1 

/ 

+ 1 


0001 1 

✓ 


0111 


add in the carries 


1 0001 


0010 


0111 = 


1127 in BCD 



It may happen in carrying out the BCD addition that the result after 
adding in the 6s and the carries is still not a correct BCD number. If this 
occurs, we simply apply the correction procedure once more. For example, 
consider the sum of 37 and 64, which is found as follows: 





0011 


0111 


+ 


0110 


0100 




1001 


1011 


+ 




QUO 




1001 1 


0001 








+ 


1 





0001 



0001 



add in the 6s 

add in the carry 

add in the 6 
101 in BCD 



1010 
+ 0110 
1 0000 
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excess-3 



A modified version of BCD, which has some attractive features when 
subtraction is required, is the excess-3 code. This is basically the same cod- 
ing as BCD except that each digit has 3 added to it. Figure 2.5.1 gives the 
specific code values. The attractive characteristics of the excess-3 code is 
that it is self-complementing; that is, the l’s complement of the coded num- 
ber yields the 9’s complement of the number itself. For example, 3 has a code 
of 01 10, whose T s complement is 1001 , which is the excess-3 code for 6, the 
9’s complement of 3. Thus subtraction in this binary-coded decimal form can 
be easily carried out using the diminished radix complement scheme de- 
scribed earlier. 

To see how the self-complementing feature of the excess-3 code can be 
used for subtraction, consider first the addition of two excess-3 numbers, A 
and B. Adding these two excess-3-encoded numbers is perhaps most easily 
carried out by first converting each to its BCD equivalent, then adding the 
results, as described above, and, finally, converting the result back to ex- 
cess-3. To convert an excess-3-encoded number to BCD is a very simple 
process. Let X' ~ X + 3 be an excess-3 digit, where the X is the decimal 
equivalent of X ' . To obtain X we need only add 13 to X' and take the result 
modulo (16). 4 For example, let X' = 0111, the excess-3 code for 4. Then X' + 
1101 = 0111 + 1101 = 1 0100, where we obtain the result modulo (16), 0100, 
by ignoring the carry. Converting all of the digits of each of the numbers A 
and B in this way, we obtain the respective BCD representations. For exam- 
ple, to convert the excess-3-encoded representation of the number 97, 1100 
1010, to its equivalent BCD representation, we simply add 1101 (13 decimal) 
to each digit, as follows: 



1100 1010 
+ 1101 1101 
1 1001 1 0111 

Ignoring the carries generated at each digit position, we obtain the result, 
1001 0111, which is, of course, the BCD representation for the decimal 
number 97. 

Now, to perform the subtraction of two excess-3 numbers, say A - B , 
we first take the 9’s complement of B' by interchanging 0s and Is in the coded 
digits. This produces the number B' + . Next we convert the numbers A' and 
B' + to their BCD equivalents, A and B + . Once this is done, we can add the 
results in accordance with diminished radix complement arithmetic to pro- 
duce the difference. The final excess-3-encoded result is found by adding 3 



* y = x modulo (n) means that y is the remainder obtained upon dividing * by n. 
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shifting 



to each digit of the difference. Problems 2.23 and 2.24, at the end of the 
chapter, explore this process a bit more. 

2.5.2 BCD-to-Blnary and 

Blnary-to-BCD Conversions 

When numbers are entered into a computer from, say, a keyboard, they are 
encoded in some way. A string of encoded digits then needs to be converted 
to a binary number so that the computer can process the numeric information 
thus presented. Suppose that the encoding is in BCD. 5 The problem then 
becomes one of converting these digits to binary. Recall from Section 2.2.2 
that converting from decimal to binary requires repeatedly dividing the deci- 
mal number by 2 and using the remainder digits as the successive bits of the 
equivalent binary number. The same can be done for BCD in a very simple 
way if we make a few observations first. 

In the decimal system (or any radix r, system, for that matter) division 
by 10, requires only that the radix point be moved one digit position to the 
left. The remainder is the digit that moves to the right of the radix point. 
Another way of thinking about this is to assume that the radix point stays 
fixed and that the number shifts to the right one digit position. Thus, in 
binary, the number 1001, which is the BCD code for 9, when divided by 2 by 
shifting right, becomes (maintaining 4 bits in the answer) 0100, with 1 being 
shifted out of the low-order position. This results in the correct answer of 4 
with a remainder of 1. This idea can be used to divide a string of BCD digits 
by 2 in a very simple manner. Take, for example, 3609/2. In BCD this 
becomes (0011 0110 0000 1001)/2. Shifting each digit to the right one posi- 
tion will divide that digit by 2, but for the division to be correct for the entire 
number, a correction must be made as follows. If a 1 is shifted out of some 
digit position, then 5, that is, (0101) must be added to the next lower digit 
position (why?). Thus for this example the division may be carried out as 
follows: 



( 3 


6 


0 


9 )/2 




(0011 


0110 


0000 


1001)/2 




0001 ->1 


0011 


0000 


0100 


remainder of 1 


+ 

0001 


0101 

1000 


0000 


0100 


add 5 as necessary 


1 


8 


0 


4 


remainder of 1 



s It will be shown in Section 2.5.4 that whatever code is used, it can be converted to BCD. 
Thus this statement is made without loss of generality. 



; 
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Using this simple method of division by 2, we can carry out the conversion 
from BCD to binary. Consider the conversion of 0101 0011 to binary. The 
work can be organized as follows: 



BCD value / Binary result (remainder) 





0101 


0011 / 


1 


shift 


0010 -* 


0001 / 


' 1 


add 5 


+ 


101 






0010 


0110/ 


' 1 


shift 


0001 


0011 / 


'01 


shift 


0000 -*1 


0001 / 


' 101 


add 5 


+ 


101 






0000 


0110/ 


' 101 


shift 


0000 


0011 / 


'0101 


shift 


0000 


0001 / 


' 10101 


shift 


0000 


0000/ 


1 110101 = 53 decimal 



As in Section 2.2.2, this process stops as soon as the dividend goes to zero. 

The process of going from binary to BCD is exactly the reverse of the 
conversion above except that 0101 is subtracted from any BCD digit greater 
than or equal to 5 before the shift is made and a 1 is set up as a carry into the 
next-higher-order digit position (why?). An example will illustrate the pro- 
cess. Consider the conversion of 1101101 to BCD. The work may be orga- 
nized as follows: 



BCD result / Binary value 



shift left 
shift left 



0000 


0000 / 


' 1101101 


0000 


0001 / 


' 101101 


0000 


0011 / 


'01101 



subtract 5 

shift left 
shift left 
subtract 5 

shift left 
subtract 5 



- 


0101 




0000 A 

0001 


0001 / 


1101 


0011 / 


101 


0010 


0111 / 


01 


- 


0101 




0010 1 


0010 / 


01 


0101 

0101 


0100 / 


1 


0000 


0100 / 


1 


0000 


1001 





shift left 



and stop 
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The answer, 109 in BCD, is easily seen to be the correct decimal equivalent 
of 1101101 binary. 

2.5.3 Other Codes for Representing Numbers 

The BCD code is an example of a weighted code in which each bit position 
has a corresponding weight associated with it. The number represented by 
the code character is found by adding the weights corresponding to each 1 in 
the code. The weights for the BCD code are 8421, and in fact, the BCD code 
is sometimes referred to as an “8421 code.” Other weighted codes exist and 
have been used in various computer systems over the years. A weighted 
code, in order to represent the decimal digits, must have weights which can 
sum to each of the 9 digits. These weights need not, however, be positive. 
Figure 2.5.2 gives some examples of other weighted codes. 

As mentioned earlier, one reason for coding a number might be to 
permit error detection. One simple error-detection code is the 2-out-of-5 
code, in which each digit is represented by a character having 5 bits with two 
of them always 1 and the remaining three bits always 0. Since there are 10 
such combinations, each decimal digit will correspond to one such combina- 
tion. In this representation, if an error occurs, say one that causes a bit to be 
set to a 1 , then the error is readily detected by the fact that the received code 
does not have exactly two Is and three 0s. Another simple error-detection 
mechanism is the addition of one extra bit whose value is determined so that 
the number of Is in the representation is even (or odd, if one prefers). Such a 
bit is called a parity bit. If an error occurs in the handling of a number with 
the result that a single bit is changed, then the total number of Is will now be 
odd and it will be evident that an error has occurred. Other codes exist that 
are capable not only of detecting errors but correcting them as well. Prob- 
lems 2.26 through 2.28 at the end of the chapter explore some of these coding 
techniques. 



Decimal 2421 84-2-1 32211 



0000 0000 00000 

0001 0111 00001 

0010 0110 00100 

0011 0101 00101 

0100 0100 00111 

0101 1011 01101 

0110 1010 10101 

0111 1001 101 11 

1110 1000 11101 

mi mi mil 



Figure 2.5.2 

Examples of weighted codes. 
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Gray code 



Pattern of successive values 



000000001 11111 II 11 11 II 1 100000000 
00001111 11110000 
0011 1100 
01 10 



0000 

0001 

0011 



0110 

0111 

0101 

0100 

1100 

1101 

mi 

1110 

1010 

1011 

1001 

1000 

Figure 2.5.3 Generation of a 4-bit Gray code. 



Another very useful and commonly encountered code is the Gray code. 
In this code, successive digits differ in only one bit position. For example, a 
Gray code sequence for 3 bits would be 000, 001, Oil, 010, 110, 111, 101, 100. 
The generation of this Gray code sequence is very simple. The pattern of 
changing values of the least significant bit for the first four digits is 01 fol- 
lowed by its reflection 10; then the sequence 01 followed by 10 is repeated as 
many times as necessary. The next bit from the right has a pattern over eight 
digits of 0011 (twice the number of 0s and Is) followed by its reflected value 
1100. The next bit has the pattern 00001111 (again, twice the number of 0s 
and Is) followed by its reflected value 11110000. This process continues for 
as many bits as are in the code. For example, a Gray code for 4 bits is 
generated as illustrated in Figure 2.5.3. The Gray code is used extensively 
for shaft encoders and other applications requiring a single bit change be- 
tween characters. 

2.5.4 Alphanumeric Codes 

Numeric information is not the only information that computers process. 
Alphabetic characters, punctuation marks, special characters such as mathe- 
matical symbols, and many other nonnumeric items must be encoded into a 
binary form before the computer can properly handle them. One such code is 
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Figure 2.5.4 List of ASCII and EBCDIC codes. The codes shown on the right are 
used for control purposes. Note that not all ASCII characters have 
corresponding EBCDIC codes. 



ASCII ASCII (American Standard Code for Information Interchange), which is 

used extensively for representing characters that come from a keyboard. In 
this code, 7 bits are used to represent all upper- and lowercase alphabetic and 
numeric characters, as well as all of the usual punctuation marks and type- 
writer control information, such as line feeds, tabs, and carriage returns. In 
many computers, this scheme is extended by using an eighth bit to obtain 128 
more characters; usually, these 128 are graphic symbols which can be dis- 
played on the terminal screen. Figure 2.5.4 gives an abbreviated list of ASCII 
codes and the characters represented by each. This table also lists another 
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EBCDIC code used for alphanumerics called EBCDIC (Extended BCD Interchange 
Code), which uses all eight bits of a byte to represent the information. In 
ASCII, the word HELLO would be stored internally as the five bytes (writ- 
ten in hex form) 48, 45, 4C, 4C, 4F. 

It quite often happens in computer systems that the codes used for input 
and the codes used for output are different. Suppose, for example, that a 
keyboard used for data input produces EBCDIC and a display terminal used 
for output requires ASCII. Obviously, the computer must make a conversion 
between these two forms if information is to be displayed properly. This is 
easily done by referring to the table shown in Figure 2.5.4, which could be 
stored in the computer’s memory somewhere. If, for example, the EBCDIC 
code D5 (the code for the letter N) is entered, the corresponding ASCII code 
can be found by first locating D5 in the table and observing that the corre- 
table look-up sponding ASCII code is 4E. This process is called a table look-up and is a 
very important technique in the design and use of computers. We will see 
much more of this process later. 
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PROBLEMS 



2.1. Write the decimal equivalent of the following numbers. 

(a) (375), 

(b) (12211)3 

(c) (101101): 

(d) (251.63): 

(e) (1A3.5A),: 

(f) (231.65)-* 

2.2. Convert each of the following decimal numbers to the equivalent number in 
the base indicated. 

(a) 1375 « (?)* 

(b) 2161 = (7)i 

(c) 995 = (?) ,3 

(d) 137.35 = (7)j 

(e) 735 = (?)-* 

(f) 0.263 = (?)-< 

2.3. Convert the following numbers. 

(a) (1076)* = (?) 7 

(b) (30211)4 = (?)* 

(c) (1523)* = (?),2 

(d) (137.23)* = (7)s 

(e) (1A7 .B)i 6 = (?)s 

(f) (122. 13 )— 4 = (?)i 

2.4. Convert the following positive binary numbers to decimal. 

(a) 1011 

(b) 1101011 

(c) 1101.1110 

(d) 1111.1011 

(e) 110100010.001 

(f) 111101.11011 
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2.5. Convert the following decimal numbers to binary. 

(a) 12 

(b) 365 

(c) 3709 

(d) 123.662 

(e) 10 6 

(f) t r = 3.14159 . . . 

2.6. Convert as indicated. 

(a) (1375), = (?) 2 = (?),6 

(b) (A1EF), 6 = (% = (?)i6 

(c) (11101) 2 = (?)* = (?) ,6 

(d) (237.55) 8 = (?) 2 = (?)i6 

(e) (10111.1011)2 = (?)s - (?)i6 

(f) (CE13.A2),* « (7)j = (?)« 

2.7. On an examination , a student wrote (2756) s as the answer to a question. Since 
7 and 6 are greater than 5, the largest digit permitted in the radix 6 system, the 
answer must be wrong. What would you guess is the most likely decimal 
equivalent of this number, and why? 

2.8. Perform the arithmetic indicated, maintaining your answer in sign-magnitude 
form. Check your result by converting each problem to decimal and repeating 
the computation. 

(a) (123 1)^ + (1103)4 = (?)4 

(b) (135C) 16 + (1103) ,6 = (?),6 

(c) (110101)2 - (101 1) 2 - (?) 2 

(d) (23) 4 x (31)4 = (?)4 

(e) (1766) 8 - (23) g = (?)s 

(f) (11101101)2/(11101)2 = (?) 2 

2.9. Perform the arithmetic indicated on the following positive binary numbers. 
Give your answer in sign-magnitude form. 

(a) 10111.101 + 1001.011 = ? 

(b) 101 101 - 1101 = ? 

(c) 1101 - 110110 = ? 

(d) 1110001 - 1110100 = ? 

(e) (-1101) x (110) = ? 

(f) 10001.101 x 111.001 = ? 

2.10. Using the radix complement representation, perform the following subtrac- 
tions. Assume that the numbers are all positive. 

(a) (1765), 0 - (351) ,0 = ? 

(b) (576), 0 - (901), 0 = ? 

(c) (1101011)2 - (10111)2 = ? 

(d) (101101)2 - (110101)2 = ? 

(e) (100011)2 - (100100)2 = ? 

(f) (1111111)2 (1)2 — ? 
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end-around 

carry 



When two numbers are subtracted using the radix complement, a carry gener- 
ated in the high-order digit positive is ignored. Show that this carry must be 
added to the result if the subtraction is carried out using the diminished radix 
complement. This carry is termed an end-around carry. {Hint: Recall that the 
definition of the diminished radix complement is just the radix complement 
minus 1.) 

Perform the following binary subtractions, using the diminished radix repre- 
sentation. Assume that the numbers are unsigned positive binary numbers. 
Give your answers in sign-magnitude form. 

(a) 11010 - 1011 

(b) 1101 - 1111 

(c) 1001 - 1001 

(d) 10100 - 1 1001 

(e) 110111 - 1000011 

(f) 101110001 - 1110011 

Convert the following decimal numbers to 8-bit signed 2’s complement form. 

(a) 23 

(b) 115 

(c) 100 

(d) -37 

(e) -115 

(f) -77 

Assuming that the following binary numbers are in signed 2’s complement 
form, what is the decimal value, in sign-magnitude form, of the arithmetic 
indicated? 

(a) 00101101 + 00011110 

(b) 11011011 + 00101101 

(c) 11100101 + 01011011 

(d) 00101101 - 01110111 

(e) 11010111 - 11110100 

(f) 11110101 - 11100011 

Prove: In an n-bit signed 2’s complement representation, overflow or under- 
flow in the addition of two numbers is indicated either if a carry comes into 
the sign bit and no carry goes out or if no carry enters the sign position but a 
carry goes out. (Hint: Remember that overflow occurs if the two arguments 
have the same sign but produce a result having a different sign.) 

Encode the following decimal numbers in BCD and excess-3. 

(a) 137 

(b) 2345 

(c) 1236 

(d) 1941 

(e) 5.9556 

(f) 325.599 



2 . 16 . 
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2.17. Convert each decimal number to BCD and carry out the arithmetic indicated, 
leaving the result in sign-magnitude BCD form. Use 10’s complements to 
perform the subtractions. 

(a) 193 + 488 
<b) 1234 + 999 

(c) 375.2 + 26.5 

(d) 378 - 149 

(e) 275 - 3664 

(f) 123.35 - 52.2 

2.18. Why is an illegal BCD digit converted to a legal BCD digit by adding 6? 

2.19. Convert each of the following BCD numbers to binary using the procedure 
given in Section 2.5.2. 



(a) 


0010 


0111 






<b) 


1000 


1001 






(c) 


0001 


1001 


0011 




(d) 


0101 


1000 


0111 




(e) 


0010 


om 


0011 


1001 


(0 


1001 


1000 


0111 


0110 



2.20. Convert each of the following binary numbers to BCD using the procedure 
given in Section 2.5.2. 

(a) 0111 

(b) 10111 

(c) 1110111 

(d) 101000 

(e) 1101011 1 

(f) 11111111 

2.21. Devise a method similar to that given in Section 2.5.2 for BCD integers to 
convert BCD fractions to binary. Recall that conversion of decimal fractions 
to binary requires repeated multiplication by 2, which is equivalent to shifting 
left one bit position. Use your method to convert 0.0010 0111 (= 0.27 deci- 
mal) to binary. 

2.22. Based on your solution to Problem 2.21, devise a method to convert binary 
fractions to BCD. 

2.23. Using the 9’s complement, perform the following decimal arithmetic. Leave 
your answers in complemented form and indicate which results are negative. 

(a) 3789 - 145 

(b) 1234 - 678 

(c) 375 - 421 

(d) 137.225 - 49.117 

(e) 100.2 - 263.35 

(f) -275 - 106 
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minimum 

distance 

codes 



Repeat Problem 2.23 after encoding the decimal numbers in excess-3 code. 
Use the fact that the 9’s complement of a decimal number is the l’s comple- 
ment of its excess-3-coded form. 

Devise a method for representing the sign in a signed, 10’s complement 
representation similar to what is done in a signed, 2’s complement representa- 
tion. 

We say that the distance between two n-bit numbers is the number of bit 
positions in which the two numbers differ. A code is said to be of “minimum 
distance k ” if the minimum distance between any two code numbers is k. 
Devise a minimum distance 2 coding for the decimal digits 0 to 9. (Hint: The 
BCD code with one extra bit will do the trick.) 

Devise a 2-out-of-5 code as described in Section 2.5.3. What is the distance of 
this coding scheme? 

The most likely error that can occur in the transmission of data is a change in 
one bit due to noise in the transmission path. Show that if information is 
encoded in some minimum distance 3 code, a single-bit error not only can be 
detected but can also be corrected. Devise such a code for the decimal digits 
and show an example of how a single-bit error can be corrected. (Hint: Add 
three parity bits so that they check parity over three unique subsets of the 
now seven bits: four data and three parity.) 

Encode your name in both the ASCII and EBCDIC codes. 
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Boolean and 
Switching Algebra 



□ 3.1 

INTRODUCTION 

All engineering disciplines have a mathematical base on which the develop- 
ment of concepts depends. The design of digital systems, including com- 
puters, is no different. Here the mathematical base is called Boolean alge- 
bra. 1 As one might guess, this mathematical system is named after someone 
named Boole, in fact, George Boole, who was one of the first people to 
develop a rigorous mathematical structure for investigating the way we rea- 
son. Boole’s treatise, published in 1854, was entitled An Investigation of the 
Laws of Thought. 2 No practical application was made of Boolean algebra 
until the late 1930s. A. Nakashima, in Japan, in 1937, and, in the following 
year, C. E. Shannon, at the Massachusetts Institute of Technology, each 
independently applied the algebra of Boole to the analysis of networks of 
relays. This was a very important application, since the telephone system at 
this time was growing very rapidly and required very large relay networks for 



1 It is unfortunately true that many people tend to use the terms Boolean algebra and switch- 
ing algebra interchangeably. As we will see shortly, a switching algebra is, strictly speaking, a 
subset of Boolean algebra. 

2 This book was reprinted by Dover Publications in 1954. 
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switching and otherwise handling calls. If such a system was to grow in a 
controlled way, it was essential that a rigorous mathematical base be devel- 
oped to describe the general interconnections. Obviously, the application of 
Boolean algebra has expanded dramatically over the intervening years as 
digital systems have grown and become increasingly more pervasive in our 
world. 

Because of the importance of switching algebra to the design not only of 
computers but of communications systems, control systems, and any other 
system that requires or uses digital technology, it is important that we under- 
stand the intricacies of the algebra. Thus, in this chapter, Boolean algebra 
and its subset, switching algebra, will be defined. We will also investigate 
some of the implications of these definitions and examine the various meth- 
ods that can be used for handling and simplifying equations. 



3.2 

HE HUNTINGTON POSTULATES 

Algebras are defined by listing a set of statements which are taken to be fact. 
These statements are termed the axioms or the postulates of the algebra. One 
of the goals of the mathematician is to reduce the number of postulates 
required to define an algebra to a minimum consistent set. In 1904, E. V. 
Huntington set himself the task of reducing the definition of Boolean algebra 
to this minimal set of postulates. He found that all of the results and implica- 
tions of the algebra described by Boole could be derived from only six basic 
postulates. Using these six, Huntington defined a Boolean algebra as follows: 

Huntington Postulates \E. V. Huntington, 1904] . The set (B, +, ■, ), 

where B is the set of elements or constants of theaigebra, the symbols + and 
oolean ■ are two binary operators, and the overbar is a unary operator, is a 
'gebra Boolean algebra if the following hold true: 3 

1. Closure. For all elements a and b in the set B, 

(i) a + b is an element of B and 

(ii) a ■ b is an element of B. 

2. (i) There exists a 0 element in B such that for every element a in £, 0 + 

a = a + 0 = a and 



3 The terms binary operator and unary operator refer to the number of arguments involved in 
the operation: two or one, respectively. 
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(ii) there exists a 1 element in B such that for every element a in £, 1 - 
a = a ■ 1 = a. 

3. Commutativity . For all elements a and b in the set B. 

(i) a + b - b + a and 

(ii) a • b = b ■ a 

4. Distributivity. For all elements a, b, and c in the set 5, 

(i) a • (b + c) = a • b + a • c and 

(ii) a + (b ■ c) = {a + b) • (a + c) 

5. For every element a in the set B, there exists an element a in the set B 
such that 

(i) a + a = 1 and 

(ii) <1-5 = 0. 

6. There exist at least two distinct elements in B. 

switching A switching algebra is a Boolean algebra in which the number of elements in 
algebra the set B is precisely 2. 

In this definition, the two binary operators, represented by the signs + 
AND and are called the OR and_the AND, respectively, and the unary operator, 

OR represented by the overbar , is called the NOT or the complement opera- 
tor tor. The specific behavior of these operators can be deduced from the postu- 

lates, as we will show in a moment. Before we take a close look at switching 
algebra, which is really the main subject for the remainder of this book, let us 
consider some of the algebraic implications of these postulates by stating and 
proving some theorems that will be useful later. 

Theorem 3.2.1 (ldempotence| 

For all elements a in the set B : 

(i) a + a = a 

(ii) a ■ a = a 

Proof Consider first a + a: 

a + a = (a + a) • 1 

= (a + a) ■ (a + a) 

= a + a • a 
= a + 0 



[Postulate 2(ii)] 
[Postulate 5(i)] 
[Postulate 4(ii>] 
[Postulate 5(ii)] 
[Postulate 2(i)] 
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The proof of the second part follows similarly: 



principle of 
duality 



= a ' (a - 
= a ■ 1 



[Postulate 2(i)] 
[Postulate 5(ii)] 
[Postulate 4(i)] 
[Postulate 5(i)] 
[Postulate 2(ii)] 
QED 



An interesting observation should be made here, and that is that both 
the postulates and Theorem 3.2.1 are stated in two parts. The difference 
between the two parts is that all ANDs and ORs and all Is and Os are 
interchanged. This, in fact, is the definition of the dual of a Boolean expres- 
sion. Thus part (ii) of Theorem 3.2.1 is the dual of part (i). Furthermore, note 
that the proof of part (ii) uses, at each step, the dual of the postulate used in 
proving the corresponding step of part (i). This results in the principle of 
duality. 



Principle of Duality 

If a Boolean statement is proved true, the dual of the statement is also true. 



Using this principle, we need only prove the first half of a statement, since 
the dual portion is provable by using the dual postulates. Consider as an 
example the next theorem. 



Theorem 3.2.2 

For all elements a in the set B: 

(i) a ■ 0 = 0 ■ a = 0 

(ii) a + 1 = 1 + a = 1 

Proof Consider part (i): 

a • 0 = 0 + a ■ 0 
= a • a + a ■ 0 
= a • (a + 0) 

= a • (a) 

= 0 



[Postulate 2(i)] 
[Postulate 5(ii)] 
[Postulate 4(i)] 
[Postulate 2(i)] 
[Postulate 5(ii)] 
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Also, by postulate 3(ii), a • 0 = 0 • a. Since the result is true for a • 0 - 0, by 
the principle of dualit y it is also true for a + 1 = 1- Q ED 

The reader should fill in the proof of the second part of Theorem 3.2.2. 

Postulate 5(i) states that the complement of an element is in the set B but 
says nothing about the possibility that an element might have another com- 
plement. In fact, as the next theorem demonstrates, the complement of an 
element is unique, a very important fact to remember. 

Theorem 3.2.3 

Let a be an element of B. Then a is unique. 

Proof We will prove this by assuming that a is not unique and show that this 
results in a contradiction. Assume that a has two distinct complements (not 
equal), a and b. Then, by Postulate 5, we must have that 

a + b = 1 and a + a = 1 

and 

a ■ b = 0 and a ■ a = 0 

Then 

a = a • 1 
= a ■ (a + b) 

= a ■ a + a ■ b 
= 0 + a ■ b 
— a • b 

Next, in a similar way, consider b: 

b = b • 1 
= b ■ (a + a) 

= b ■ a + b ■ a 
= 0 + b ■ a 
= a • b 



[Postulate 2 (h)] 
[Postulate 4(i)] 



[Postulate 2(i)] 
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From these two cases we observe that 



b = a ■ b = a 

which contradicts the assumption that the two complements of a were dis- 
tinct. QED 



Nothing has been said to this point about the number of elements in 
set B other than that it must be at least 2. It turns out that a general Booltaa 
algebra has 2" elements. 4 We have already mentioned that a switching alge- 
bra is basically a two-element Boolean algebra which, obviously, has the two 
elements 0 and 1. From this point on, we will restrict our attention to switch- 
ing algebras only. A few of the problems given at the end of the chapter will 
examine some simple aspects of general Boolean algebras. 

The AND, OR, and NOT operators have not yet been formally defined. 
However, the way in which they operate on 0 and 1 may be deduced from the 
postulates and the theorems just presented. Obviously, for the binary opera- 
tors, AND and OR, there are four possibilities for values of the two switching 
variables operated on. Let x and y be two such switching variables, where a 
switching variable is taken to mean a variable that can take on only the value 
0 or 1. Now consider the AND operation, x • y. All of the possibilities for x 
AND and y, along with the resulting value of the AND, x • y, are given in the 

following table: 



AND 



X 


y xy 




0 


0 0 


[Theorem 3.2.1(ii)] 


0 


1 0 


[Theorem 3.2.2(i)] 


1 


0 0 


[Postulate 3(ii)] 


1 


1 1 


[Theorem 3.2.1(ii)] 



In a similar manner, or by using the principle of duality, the defining table of 
OR values for the OR operator becomes 



4 The proof of this is beyond the scope of this book and will not be given here, but a readable 
proof can be found in Elliott Mendelson, Boolean Algebra and Switching Circuits (Schaum’s 
Outline Series), McGraw-Hill, New York, 1970, beginning on p. 135, Sec. 5.2. 




NOT 



involution 
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OR 



* y 


: x + y 


0 0 


0 


0 1 


1 


1 0 
i l 


1 

1 



By simply observing from Theorem 3.2.3 that the complement of a value is 
unique, we find, since there are only two possible values that a switching 
variable can take on, that the NOT operator must be defined as follows: 

NOT 



X 


Li 


0 


! 1 


1 


1 0 



Restricting our attention to a switching algebra and then using the defi- 
nitions for the three operators just given, we can easily deduce further results 
for the algebra by completely enumerating all possible values for the switch- 
ing expression. 3 



Theorem 3.2.4 (Involution! 

Let x be a switching variable. Then 

W)=x 

Proof We will prove this by complete enumeration: 



JC X 


Isi 


0 1 


0 


1 0 


i 



Since the left column is identical to the right column and since we have 
listed all possibilities, we have proved the result. QED 



Another example will further illustrate the process of enumeration. 
5 These results also apply to the more general Boolean algebra. 
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Theorem 3.2.5 

Let x and y be two switching variables. Then 

(i) x + x • y = * 

(ii) x ■ (x + y) = x 

Proof Again, the proof will be by complete enumeration: 

x y jc • y I x + x y 



00 0 0 + 0=0 
01 0 0 + 0=0 

10 0 1 + 0=1 

11 1 1 + 1=1 

Since the column labeled x and the column labeled * + x ■ y are exactly the 
same, we have proved the result. Part (ii) is, of course, true by the principle 
of duality. 



A number of useful identities may be proved using the idea of complete 
enumeration. The following theorem lists a few of these identities. The proof 
is left as an exercise for the reader. 



Theorem 3.2.6 

Let x, y, and z be switching variables. Then 

1. Associativity 

(i) x ■ (y • z) = (x • y) ' z 

(ii) x + (y + z) = (* + y) + z 

2. (i)x + x'y=x + y 
(ii) x ■ (x + y) = x ■ y 

3. Consensus 

(i ) x-y + x- z + y- z = x- y + x- z 

(ii) (x + y) • (x + z) • (y + z) = (x + y) • (x + z) 



consensus 
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The complement of a variable in a switching algebra was defined by Postulate 
5 of the Huntington postulates. We know that since the algebra is closed, by 
Postulate 1 , t hat x + y results in an element in the algebra and thus has a 
complement, (x + y ). What we would like to know, however, is what this 
complement is in terms of the variables and their complements. De Morgan’s 
theorem addresses this question. 



De Morgan’s 
Theorem 



Theorem 3.3.1 De Morgan's Theorem 

Let x and y be two switching variables. Then 



(i) (x + y) = x • y 

(ii) (x ■ y) = x + y 



Proof This may easily be verified by complete enumeration, as follows: 



* y x + y 



0 0 0 
0 1 1 
1 0 1 
1 1 1 



(x + y) * y x-y 



1 111 
0 10 0 
0 0 10 
0 0 0 0 



Since column (x + y) is identical to column x • y and all possibilities are 
listed, the result is proved. Part (ii) is true by the principle of duality. QED 



This result is especially useful for the evaluation of complements of 
switching expressions. For example, suppose we are given the expression 
[x + y ■ (z + hO] involving the variables w, x, y, and z and are asked to put 
this in a form where the complements are associated only with individual 
variables and not with groups of variables. Using De Morgan’s theorem and 
some of the results from Section 3.2, this can easily be done: 



[x + y (z 



- wj] = (*) • [y • ( z + w)] 
= (x) ■ [y + (z + w)] 
= (5) ■ [y + (I) • w] 
= x • (y + z • w) 

= x • y + x ■ z ■ w 



[Theorem 3.3.1(i)] 
[Theorem 3.3.1(ii)] 
[Theorem 3.3. l(i)] 
[Theorem 3.2.4] 
[Postulate 4(i)] 
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Note in this example that application of De Morgan’s theorem requires that 
the original expression first be partitioned into two pieces separated by either 
a + , as was the case here, or a center point. Continuing this on each of the 
resulting pieces allows successive application of these laws. This result may 
be extended to the complement of the AND or the OR of more than two 
variables by the following corollary to Theorem 3.3.1: 

Corollary 3.3.2 

Let xi, x 2 , • • • , x„ be n switching variables. Then 

(i) (X) ■ x 2 • ■ • x n ) = x, + x 2 + ' ' ' + x H 

(ii) (X] + x 2 + • ‘ • + X„) = *1 • *2 • • ‘ X n 

A second example illustrates this extension. 

{[x • (y + z)] • (y + w • z) • (x + z)} 

= [x ■ ( y + z) ] + (y + w ■ z) + (x + z) 

= (xj + [(y + z )] + y ■ (w • z) + x • z (3.3.1) 
= x + y + z + y-[w + (?)] + x • z 
= x + y + z + y-(w + z) + x- z 

As we shall see later, De Morgan’s theorem plays a very important part 
in the design of the hardware of a computer. 



□ 3 A 

SWITCHING FUNCTIONS 

switching A switching function may be defined simply as a mapping from the set of 
function binary n-tuples 6 into the set {0, 1} and may be denoted, in the usual way, as, 
for example, /(x i, x 2 , . . . , x„), where the x ( are switching variables. Since 
there are n variables, each of which can take on one of two values, 0 and 1, 
there must be a total of 2 n possible assignments for these n variables. For 
each of the possible assignments, the function /will, of course, take on a 
value of either 0 or 1 . 



6 An n-tuple is an ordered set of n numbers, such as the 6-tuple (101 101), which has six digits. 




truth table 
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0 0 
0 0 

0 I 
0 1 

1 0 
1 0 
1 I 



2 I Ax,y,z) 



0 0 

1 I 

0 I 

1 0 

0 0 

I 1 

0 0 

1 0 



Figure 3.4.1 

Truth table for a function f\x. y, z). 



There are quite a number of different ways in which a switching func- 
tion may be represented. The expressions given in Section 3.3 are examples 
of switching functions; for instance. Equation (3.3.1) is a switching function 
on four variables. The purpose of this section, then, is to describe some of 
the more commonly used methods for denoting switching functions and to 
show how the functions can be derived and how they can be converted from 
one form to another. 



3.4.1 Truth Tables 

As defined above, a switching function is just an association of 0 and 1 with 
each of the possible assignments of the variables of a function. Because of 
this, a simple way of representing a switching function is to make a list of the 
possible variable assignments and note the value the function takes on for 
each assignment. Such a list is called a truth table. As an example, some 
function /(*, y, z ) might have the truth table shown in Figure 3.4. 1 . From this 
table we can determine what value f(x, y, z ) will take on for any possible 
assignment of the three variables. Thus, we can observe that if x = 1, andy = 
0, and z = 1, then/U, y, z) = 1. 

To see how a truth table might be created, suppose we would like to 
describe a function g(w, x , y, z) whose value is 1 whenever the decimal 
equivalent of the four variables, taken as a 4-bit number, is greater than 9. 
Such a function would be useful for checking whether or not a 4-bit number 
represents a legitimate BCD code. The truth table for this function would be 
as shown in Figure 3.4.2. Note that whenever w, x, y, and z, taken as a 4-bit 
number with w the high-order bit, takes on a value greater than 9, g takes on 
a value of 1 . 

Suppose now that we are given the function 7 

h(x, y, z) = x + yz (3.4.1) 

7 In what follows, the AND symbol, ( •), will be omitted if no confusion can occur. Thus y ■ x 
will be written as yx. 
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w x y z q{w, x, y , z) 

0 0 0 0 0 

0 0 0 1 0 

0 0 10 0 

0 0 11 0 

0 10 0 0 

0 10 1 0 

0 110 0 

0 111 0 

1 0 0 0 0 

10 0 1 0 

10 10 1 

10 11 1 

110 0 1 

110 1 1 

1110 l Figure 3.4.2 

I i i l 1 Truth table for a BCD code checker. 

and are asked to construct the corresponding truth table. To do this, we 
simply note that h = 1 whenever x = 0, without regard to the values of y and 
2 , and that h = 1 whenever y = 1 and z = 0, without regard to the value of x. 
The truth table for h(x f y, z) thus becomes as shown in Figure 3.4.3. 

Another example will help illustrate this process further. Assume that 
we are given the function 

F(x, y, z) = (x + y)(yz + yz) (3.4.2) 

and again asked to construct the corresponding truth table. In the form given 
by Equation (3.4.2), it is not obvious what values of the variables x, y, and z 
make F(x, y, z) one. However, if we expand the equation by ANDing the two 
terms shown and then simplify the result, we obtain 

F(x, y, z) = (x + y)(yz + yz) 

= xyz + yyz + xyz (3 4 

= yz(x + 1) + xyz 
= yz + xyz 

x y i h(x,y,x) 

0 0 0 1 

0 0 1 1 

0 10 1 

oil 1 
10 0 0 

10 1 0 

110 I Figure 3.4.3 

111 o Truth table for the function given in Equation (3.4. 1 J. 
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number of 
switching 
functions 



x y z F(x, y, z) 

0 0 0 o 

0 0 1 1 

0 10 0 

oil o 

10 0 o 

10 1 1 

110 1 Figure 3.4.4 

111 0 Truth table for the function given in Equation (3.4.2J. 

From this alternative representation, which consists of a sum of two product 
terms, we can easily determine which variable assignments make the func- 
tion one. In this case the function is one if y = 0 and z « 1, regardless of the 
value of x, or if x = 1, y = 1, and z = 0. The resulting truth table is shown in 
Figure 3.4.4. 

From the way in which we represent switching functions by truth tables, 
it is easy to count the number of possible switching functions on n variables. 
For each possible assignment of the n variables, we can define a function 
whose value is 0 and we can define another whose value is 1. Since there are 
2 n possible assignments on the n variables, there must be 2 (2 " ) possible switch- 
ing functions on those n variables. For n = 2, then, there must be 16 possible 
functions, and for n = 4, there are 65,536 possible functions. The table in 
Figure 3.4.5 lists all of the functions on two variables and lists names given to 
some of these functions. 



xy = 00 


01 


10 


11 


Function 


Name 


0 


0 


0 


0 


0 




0 


0 


0 


1 


xy 


AND 


0 


0 


1 


0- 


xy 


Implication 


0 


0 


1 


1 


X 




0 


1 


0 


0 


xy 




0 


1 


0 


1 






0 


1 


1 


0 


xy + yx 


Exclusive OR 


0 


1 


1 


1 


x + y 


OR 


1 


0 


0 


0 




NOR 


1 


0 


0 


I 


xy + xy 


Equivalence 


1 


0 


1 


0 


y 




1 


0 


1 


1 


x + y 




1 


1 


0 


0 


X 




1 


1 


0 




x + y 




1 

1 


1 

1 


1 

1 


0 

1 


(xy) 

1 


NAND 



Figure 3.4.5 List of the switching functions on two variables and the names 
given to some of these functions. 
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3.4.2 Canonical Forms 

The truth table representation for a switching function has its uses, but it is 
certainly not very compact, especially for functions of a large number of 
variables. There are several alternatives to this tabular representation. One 
of the simplest is to list only the assignments for which a function is 1 or, 
alternatively, list those for which the function is 0. Such a list is, of course, 
unique for any given function, and is referred to as a canonical representa- 
tion. 8 

One way of writing a canonical representation is as an equation or an 
expression in terms of the variables. Consider, as an example, the function 
f(x, y, z) given by the table of Figure 3.4.1. The function/is 1 whenever x = 
0, y = 0, and z = 1 or whenever x = 0, y ~ 1 , and z = 0 or whenever x = 1 , 
ys 0, and z = 1. It is easily verified, by simply substituting these values for 
the variables, that the expression xyz + xyz + xyz takes on the value 1 only 
when these particular variable assignments are made, and so/ can be written 
as 



f(x, y, z) = xyz + xyz + xyz (3.4.4) 

Equation (3.4.4) is made up of the “sum” of three “product” terms, 
literals where each “product’ ’ term is the AND of a set of literals. A literal is defined 

here as a variable or the complement of a variable. Thus, this equation is 
SOP referred to as a sum of products (SOP) expression. In this case the expres- 

sion consists of three product terms and nine literals. If a product term 
minterm involves all the variables of a function, it is referred to as a minterm. Equa- 
tion (3.4.4) is made of minterms only and is therefore called a canonical 
canonical minterm expression or expansion of the function fix, y, z). 
minterm Consider now Equation (3.4.1). Although this equation is an SOP ex- 

expression pression, it is not a canonical minterm expression for hix, y, z), since the 
product terms are not minterms. However, using the truth table shown in 
Figure 3.4.3 and proceeding as was done to derive Equation (3.4.4), we can 
easily find the canonical minterm expansion to be 

hix, y, z) = xyz + xyz + xyz + xyz + xyz (3.4.5) 

It was mentioned earlier that a canonical representation can also be 
made up of a list of the variable assignments that make the function 0. To 
write a canonical expression for a function based on the 0 values, all we need 



8 The term canonical, as used here, refers to a list of items that defines a function with which 
other functions can be compared to determine equivalence. 




POS 

maxterm 

canonical 

maxterm 

expression 
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do is change our point of view with regard to the function. Consider, as an 
example, the function h(x, y, z ) given in Equation (3.4.5). If an assignment 
on the three variables makes the function h equal to 0, this assignment must 
make h equal to 1 . Therefore, first write the canonical minterm expansion for 
h. From Figure 3.4.3, this becomes, upon listing the minterms for which 
h(x, y, z ) - 0, 



h(x, y, z) = xyz + xyz + xyz (3.4.6) 

What we are after is the canonical representation for h, not h. From Theorem 
3.2.4 we know that h = (h), and so all that needs to be done to obtain h is to 
complement Equation (3.4.6) using De Morgan’s theorem. This yields 

h( x, y, z) - (jf + y + Z)(x + y + z)(x + y + z) (3.4.7) 

This expression is in quite a different form from that of Equation (3.4.4). 
Here we have the “product” of three “sum” terms, and so we will describe 
this form as a product of sums (POS) expression. Each sum term involves all 
of the variables of the function and is called a maxterm. Thus, Equation 
(3.4.5) is referred to as a canonical maxterm expression or expansion of the 
function. The canonical maxterm expansion for the function given by Equa- 
tion (3.4.2) can be found in a similar manner using the truth table for the 
function shown in Figure 3.4.4. In this case we have 



F(x, y, z ) = F(x, y, z) 

= (xyz + xyz + xyz + xyz + xyz) (3.4.8) 

= (x + y + z)(x + y + z)(x + y + z)(x + y + z)(x + y + z) 

Since a canonic representation for a switching function is nothing but a 
list, it need not be given in literal form; other possibilities exist. One very 
common canonic representation for functions is found by treating the vari- 
able assignments as binary numbers and then listing the decimal equivalents 
of those assignments which cause the function to be 1 or, alternatively, 0. 
Using this representation, h(x, y, z) of Figure 3.4.3 would be written as 

h(x, y, z) = 2 m(0, 1, 2, 3, 6) (3.4.9) 

where the 2 implies “sum” or OR and the lowercase m implies minterms. 
Using the assignments which make h zero, the representation in a similar 
form would be 



h(x, y, z) = n A/(4, 5, 7) 



(3.4.10) 
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where the II implies “product” or AND and the uppercase M implies max- 
terms. We will refer to these canonical forms as the canonical minterm and 
index list maxterm index list representations. Note that conversion from one of these 
forms to the other is simply a matter of listing the elements in one that do not 
appear in the other. 

As another example, consider the BCD checker of Figure 3.4.2, The 
min- and maxterm list representations for g(w, x,y, z) become 

g(w, x , y, z) = 2 m(10, 11, 12, 13, 14, 15) (3 4 n) 

= IIM(0, 1, 2, 3, 4, 5, 6,7, 8, 9) 

which are found by simply listing the assignments for which g = 1, in the first 
case, and for which g = 0, in the second. 

The literal form of a canonic representation can be derived quite simply 
minterm from the index list form by writing the product or sum term that corresponds 
index list to the index. As mentioned above, the minterm index is simply the decimal 
equivalent of the variable assignment that makes the function 1. The max- 
maxterm term index is the decimal equivalent of the assignment that makes the func- 

index list tion zero. Thus to get the product term that corresponds to a minterm index, 

we simply convert the index to binary and then replace each 1 by the corre- 
sponding uncomplemented variable and replace each 0 by the corresponding 
complemented variable. For example, suppose that 13 is a minterm index of 
some function on five variables. Then, since 13 is 01101 in binary, the prod- 
uct term corresponding to this index is ABCDE. 

Since a maxterm corresponds to the variable assignment that makes the 
function 0, the corresponding sum term must be derived in a somewhat 
different manner. In this case we first write the product term corresponding 
to the index. Since this product term is a minterm of the complement of the 
function, the complement of this product term will, therefore, produce the 
sum term corresponding to the maxterm index of the original function. Thus 
if 23 is a maxterm index of the function, then since 23 = 1011 1 , ABCDE is_the 
minterm of the complement of the function, {ABCDE) = {A + B + C + D + 
E) is a maxterm of the function. The reader should verify this process by 
comparing Equations (3.4.9) with (3.4.5) and (3.4.10) with (3.4.7). 

3.4.3 Conversion of SOP and POS Expressions 
to Canonic Forms 

The equation 



/(A, B, C) = AB + AC 



(3.4.12) 
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is in an SOP form, but it is not a canonical minterm expansion of/, because 
the product terms are not minterms. It was shown above that the canonic 
expansion of /dan be found from the truth table for the function. It is not 
necessary, however, to generate the truth table to get this expansion. In 
Equation (3-4-12), we note that the first product term becomes a minterm if 
variable C is included and the second becomes a minterm if variable B is 
included. This is easily done by ANDing each product term with 1 in the 
following form: 

/(A, B, C) = AB • 1 + A • 1 • C 

= AB(C + C) + A(B + B)C (3.4.13) 

= ABC + ABC + ABC + ABC 



This expression is now a canonical minterm expansion off with alternate 
index list forms of 



/(A, B, C) = 1 3, 2, 7, 5) 

= n M( 0, 1, 4, 6) 



(3.4.14) 



It sometimes occurs that an equation is simpler in the SOP form than in 
the POS form, and so it is useful to be able to convert between these two 
representations. Again, consider Equation (3.4.12). To get this expression 
into a POS form, we may apply Postulate 4(ii) as necessary to break up the 
product terms. Thus 

/(A, B,C) = AB + AC ~ 

= (AB + A)(AB + C) 

= (A + A)(A + B)(C + A)(C + B) 

= 1 • (A + B)(A + C)(B + C) 

= (A + B)(A + C)(B + C) 

= (A + B)(A '+ C) (by consensus) 



In this case, the complexity of the expressions is the same: two sum terms 
and four literals. 

The sum terms in Equation (3.4.15) can be converted to maxterms by 
using the dual process that was used to obtain the minterms in Equation 
(3.4.13). The sum term A + B, for example, becomes 

A+B=A+B + 0 
= A + B + CC 

= (A + B + C)(A + B + C) [by Postulate 4(ii)] 
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In a like manner, the remaining sum terms can be converted to maxterms to 
produce the canonical maxterm expansion for /of 

/(A, B,C) = (A + B + CM +B + C)(A + B + C)(A + B + C) (3.4.16) 

Postulate 4(i) can be used to carry out the reverse process of going from POS 
to SOP expressions. The reader should expand Equation (3.4.16) using this 
postulate to verify that /(A, B, C ) of this equation is equal to /(A, B, C ) of 
Equation (3.4.13). 



□ 3.5 

SIMPLIFICATION OF SWITCHING FUNCTIONS 



cost 



Karnaugh 

map 



Quine- 

McCluskey 



In general, the cost of implementing an equation in hardware is related 
directly to the number of terms and the number of literals in each term of the 
expression. It is therefore important that we be able to reduce the complexity 
of an equation before it is cast in hardware. The purpose of this section is to 
examine some of the various ways by which we can simplify switching 
expressions before we implement them. 

There are three fundamental approaches we will consider here which 
can be used to simplify switching expressions. The first approach uses the 
postulates and other results to reduce the form of an expression algebrai- 
cally. This approach generally requires a good deal of experience to accom- 
plish a reduction with any degree of facility and is therefore used sparingly. It 
is important, however, that we develop some feeling for this process if we 
are going to understand the other approaches. The second approach is a 
pictorial or diagrammatic approach that uses a map, called a Karnaugh map, 
on which the function is plotted. From this plot, groups of minterms that can 
combine to form a single product term are easily identified. This approach, 
however, is limited in practice to functions of six variables or fewer. The final 
technique is one that can be implemented on a computer and can, therefore, 
handle functions of an arbitrarily large number of variables. Typical of proce- 
dures of this type is one called the Quine-McCluskey algorithm. Each of 
these reduction methods will be described in what follows. 



3.5.1 Algebraic Manipulation 

Since the objective here is to simplify switching functions, we need to define 
just what is meant by simplification. Basically, an expression will be consid- 
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ered simplified whenever it contains a minimal number of literals and terms, 
either product or sum terms. By minimal, we mean that any other expression 
having fewer terms and literals will not represent the original function, that 
minimal is, will not produce the truth table of the original function. If the minimal 

SOP expression is in SOP form, it will be called, naturally enough, a minimal sum 

of products (SOP) expression, and if it is in POS form, then it is a minimal 
minimal product of sums (POS) expression. 

POS Since we are dealing with a switching algebra, we may use the theorems 

and postulates of the algebra to find this minimal form. There are three basic 
results on which the reduction procedures heavily depend. For the minimiz- 
ing of SOP expressions, these are 

Result 1. xy + xy = y (easily verified using distributivity) 

Result 2. x + xy = x+ y [Theorem 3.2.6, part 2(i)] 

Result 3. xz + xy + yz = xz + xy [Theorem 3.2.6, part 3(i)(consensus)] 

Of course, the dual of these results would be used for minimizing functions 
given in POS form. Other results are used on occasion, but these three apply 
most often. A simple algebraic reduction procedure consists of applying 
result 1 to the function until it cannot be applied further, and then doing the 
same with result 2. When result 2 can no longer be applied, we go back to 
result 1. We continue until neither result 1 nor result 2 applies, and then we 
go to result 3. When none of results 1, 2, and 3 can be applied, we may 
assume that the minimal form has been found. It turns out that this assump- 
tion is not always correct. However, the resulting form is usually close to 
minimal. An example will help illustrate this process. Let 



= wxz + wxz + xyz + wxy 


(3.5.1) 


= [x(wz) + x(wz)] + xyz + wxy 




- wz + xyz + wxy 


(result 1) 


= wz + w(xy) + z(xy) 




= wz + wxy 


(result 3) 



As can be seen from this example, it is not always obvious how to factor 
the expression at each step so as to apply one of the three results listed 
above. This, of course, is the part that takes experience. Consider another 
example. Let 

g(A, B, C, D) = ABC + ABC + BCD + ACD + ABCD 

= [(. AB)C + (AB)C] + BCD + ACD + ABCD 



(3.5.2) 
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= AB + BCD + ACD + ABCD 


(result 1) 


= A[B + B(CD )] + BCD + ACD 




= A[B + CD] + BCD + ACD 


(result 2) 


= AB + ACD + BCD + ACD 




= [A{B) + A(CD) + B{CD)] + ACD 




= (AB + ACD) + ACD 


(result 3) 


- AB + ACD + ACD 





As a final example, consider the simplification of expression (3.3.1), which is 
repeated here: 

x + y + z + y(w + z) + xz = (x + xz) + [y + y(w + z)] + z 5 ^ 
=x+z+y+w+z+z 

Although none of the three results listed above can be applied at this stage, 
this expression clearly simplifies to the constant value 1, because it contains 
the term z + z = 1 and, in the switching algebra, 1 + “anything” = 1. 

These examples illustrate some of the difficulties involved in simplifying 
switching expressions algebraically. Although algebraic simplification is not 
totally straightforward, it can often result in a simplified form much more 
rapidly than use of the other two methods to be described shortly. It is 
therefore important that the reader develop some degree of facility with this 
process. A number of problems are given at the end of the chapter to help in 
this regard. 

3.5.2 Prime Implicants 

In an SOP expression, each of the product terms is called an implicant of the 
function, because it “implies” the function in the sense that if the product 
term is 1 then the function is also 1. Suppose that some function h(w, x, y, z) 
has, among others, the four minterms wxyz, wxyz, wxyz, and wxyz. Each of 
these product terms is, of course, an implicant of h. In simplifying h, we note 
that the first two minterms can combine by observing that the sum is equal to 
w(xyz + xyz), which, upon applying result 1 to the term in parentheses, 
reduces to wyz. In a similar way, the second two minterms combine to yield 
wyz. These two product terms are also implicants of h, since h = 1 if either is 
1. Furthermore, they are smaller, in terms of the number of literals, than the 
original minterms. However, these two product terms will also combine to 
give the term yz, which is yet a smaller implicant of h. Note here that each of 
wyz and wyz, both implicants of h, also implies yz, because any assignment 




prime 

implicant 



cover 



minimal 

cover 
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that makes either of them 1 also makes yz = 1. Continuing this line of 
thought, it would seem that the simplification process involves finding the set 
of “smallest” implicants of the given function. Specifically, we will define a 
prime implicant as an implicant of a function which does not imply any other 
implicant of the function. Thus yz is a prime implicant of h. 

For any given switching function, it should be fairly obvious that the set 
of prime implicants is unique, since they are derived from a unique set of 
minterms. The question is whether we need to use all of the prime implicants 
to represent the function in minimal form. To answer this question, note that 
the prime implicant yz covers or is “made up” of the four minterms wxyz, 
wxyz, wxyz, and wxyz. Now, if all of the minterms of a function are covered 
by some proper subset of the set of prime implicants, including in the final 
expression those not in this subset would yield an expression for the function 
which is larger than necessary. As an example, let f(x, y , z) = xy + xz + yz, 
which has as minterms xyz, xyz, xyz, and xyz. Since none of the terms xy, xz, 
and yz implies any of the others, they must be the prime implicants off. 
However, xy covers the minterms xyz and xyz, and xz covers xyz and xyz. 
Since all four of the minterms of/are covered by these two prime implicants, 
/ can be written as f(x, y,z) = xy + xz, which we already knew because of the 
consensus theorem. Theorem 3.2.6, part 3(i). 

From these observations, we may conclude that the determination of a 
minimal SOP expression involves, first, finding all of the prime implicants of 
the function and then, second, finding a minimal subset of these prime impli- 
cants which covers all of the minterms of the function. Such a subset is called 
a minimal cover for the function. Similar observations may be made to find 
the minimal POS expression of the function. The two commonly used meth- 
ods for finding a minimal closed cover are discussed in the next two sections. 



3.5.3 Karnaugh Maps 

In 1953, M. Karnaugh published an article describing a geometrical method 
for finding a minimal closed cover. This approach has been designated, natu- 
rally enough, the Karnaugh map method and is based on mapping minterms 
onto a surface in such a way that minterms that differ in one literal are 
adjacent to each other on the surface. The reason for this mapping is that 
when two minterms differ in one literal, they can be combined to form a 
product term which has this literal missing. For example, the two minterms 
ABC and ABC differ in only one literal, and therefore the sum reduces to 
ABC + ABC = BC. Figure 3.5.1 shows a two-variable Karnaugh map. Each 
square in the map corresponds to a minterm; these minterms are indicated in 
the figure. Observe that every pair of adjacent squares corresponds to two 
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Figure 3.5.1 

Two-variable Karnaugh map. 



1- cube 

2- cube 

4-cube 



minterms which differ in exactly one literal. Notice that all of the mmterms in 
the column labeled B contain the literal B and that all of those in the other 
column contain B. Similarly for the rows. This figure also gives the mapping 
of some function /(A, B), with a 1 in each square corresponding to a minterm 
of/ The other squares are automatically, at least for the moment, s • 
The prime implicants are easily found by grouping the 1 cefl Is to > as large a 
block of adjacent cells as possible. For example, the pair of cells AB and AB 
group together to give B. A single square in this map is termed a l_cube^ 
When two adjacent squares are taken together, the result is a 2-cube. Two 2 
cubes that are adjacent, or have a long edge in common, can be grouped to 
give a 4-cube, and so on. The largest cubes of Is, then represent the pnme 
hnplicants (why?). Thus, in Figure 3.5.2, the prime implicants are A and B 
™/(a! B) - A + B, with the coverings explicitly indicated by the circled 

regions, t ^ Q two . V ariable Karnaugh maps and placing them side by 

side after reflecting one of the two variable maps, we obtain a £ hree ' va ™^- 
map. Taking two three-variable maps and placing them side by side, again 
after reflecting one of the maps, we get a four-variable map. ^process can 
be continued indefinitely, although the practical limit is for maps of su 
variables. Figure 3.5.3 shows maps for three and four variables. 

Consider the three-variable map for a moment. This map consists ol 
overlapping regions, three of which are indicated in the figure as regions >x y, 
and z, each corresponding to an uncomplemented variable. Each regior 




/(A, B) 



Figure 3.5.2 

Coverings for the prime implicants of f{ A B). 
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Figure 3.5.3 Karnaugh maps: (a) three-variable map with some regions formed 
by the intersection of 4-cubes; fbj four-variable map and the inter- 
section of two 8-cubes to form a 4-cube. 



contains all of the possible minterms of three variables in which the variable 
that names the region appears (in this case) uncomplemented. Thus the 
region, or the 4-cube, marked y covers the four minterms xyz, xyz, xyz, and 
xyz ■ The intersection of two 4-cubes, such as y and z, forms a 2-cube — in this 
case, one covering the two minterms xyz and xyz, which combine to yield the 
product term yz, shown shaded in Figure 3.5.3(a). The intersection of three 
4-cubes forms a 1-cube, which contains exactly one minterm. The portion of 
the map not covered by a variable corresponds to that covered by the com- 
plement of the variable. Notice that the leftmost and the rightmost columns 
of the three- variable map are adjacent, since they have the literal z in com- 
mon. Thus, we may think of this map as being wrapped around a cylinder. 
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(b) 

Figure 3.5.4 Mapping of a function g\x. y. z): (a) the four prime implicants of 
gfx. y, z); (t>) a minimal dosed cover for g{x. y, z). 



The four-variable map is similar, except that a region corresponding to a 
literal, such as w or y, as shown in Figure 3.5.3(b), is an 8-cube. Observe that 
the intersection of the 8-cubes for w and y forms the 4-cube corresponding to 
the product term ivy. Note also that the left and right columns of the four- 
variable map are adjacent, as are the top and bottom rows. Thus, in this case, 
we can think of the map as being located on a torus, or “doughnut.” 

Consider the mapping of some function g(x, y, z ) shown in Figure 
3.5.4. The problem is to list all of the prime implicants and to find a minimal 
cover from this set. First, we must find the prime implicants from the map 
by finding the largest possible cubes that cover subsets of minterms of the 
function g. For example, the two adjacent Is in the upper left-hand corner 
of the map, shown circled in the figure, form a 2-cube not adjacent to any 
other 2-cube. Thus this 2-cube must correspond to a prime implicant. The 
prime implicant can be found as the intersection of the two 4-cubes which 
cover this 2-cube. In this case, the two 4-cubes in question are y and x, and 
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so the prime implicant formed by this 2-cube is xy. In a similar manner, 
three other prime implicants are found to be yz, xz, and xy, as shown in 
Figure 3.5.4(a). 

Next we must find a minimal subset of these prime implicants that 
covers all of the minterms of g(x, y, z). To do this, first note the following. 
Minterm xyz is covered only by the prime implicant xy, and minterm xyz is 
covered only by prime implicant xy. Thus, these two prime implicants must 
be included in the minimal SOP form for g(x, y, z). Such a prime implicant — 
one that covers a minterm not covered by any other prime implicant — is 
called an essential prime implicant. The remaining three minterms can be 
covered in two possible ways. However, since minterms xyz and xyz are both 
covered by the two essential prime implicants, all we need worry about is the 
one minterm remaining uncovered, xyz, which can be covered by either of 
the remaining prime implicants. For no particular reason, we will choose xz. 
Thus, a minimal sum of products representation for g is g(x, y, z) = xy + 
xy + xz; this is indicated by the circled terms in Figure 3.5.4(b). 

Suppose, now, we are given the four-variable function 

f(w, X, y, z) = ivy + ivyz + way + xyz (3.5.4) 

and are asked to find a minimal sum of products representation. We will 
begin by plotting the function in a Karnaugh map as shown in Figure 3.5.5(a). 
To do this we simply place Is in the squares covered by each product term. 
For example, ivy represents the intersection of the two 8-cubes w and y and is 
shown as the 4-cube in the upper left-hand corner of the figure. The remain- 
ing covers are also shown in the figure. Now that the function is plotted, we 
can find a minimal set of prime implicants that can be used to represent the 
function. Figure 3.5.5(b) shows the required cover, which results in the 
reduced expression for /of 

f{w, x, y, z) = ivy + wz + way (3.5.5) 

Note that all three prime implicants are essential and cover all of the min- 
terms. 

The form of the maps that we have just used is not always convenient. 
Consider, for example, the function h(x, y, z) given in Figure 3.4.3. Since 
this is a truth table given in terms of Is and Os, it would be easier to plot the 
function if the Karnaugh map were labeled in terms of the variable values. 
Figure 3.5.6(a) shows a map that is so labeled and gives the plot of A. It can 
be seen that this mapping results in the minimal SOP representation for h of 
h(x, y, z) = x + yz, as shown in Figure 3.5.6(b). 

Algebraic equations and truth tables are only two ways of representing 
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/(w, X, y, r) 
(a) 




Figure 3.5.5 

Plots of f[w, x,y, z): (a) plot of 
Equation (3.5.4J; (b) plot of the 
reduced equation. Equation (3.S.S). 



switching functions. A minterm or maxterm index list is yet another way to 
present a function. Suppose we are to minimize the function 

g(a, b, c,d) = l m( 0, 4, 6, 7, 12, 13, 14, 15) 

Figure 3.5.7 shows a labeling that makes plotting of g easy. In this form, each 
square is labeled with the corresponding minterm index value. For example, 
the square labeled 6 corresponds to the assignment on (a, b , c, d) of (0110) 
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and the minterm abed, which is the intersection of the four 8-cubes a, b, c, 
and d. Thus, to plot g, all we need do is place a 1 in the square representing 
each of the minterms of g and place Os elsewhere. Using this plot, we easily 
determine that the minimal SOP representation for g, as shown by the cover 
in the figure, is 



g(a, b, c, d) = ab + be + acd 

It should be apparent at this point that the three forms for the Karnaugh 
map given here each have their own value. For example, if we are given an 
expression as an index list and asked to write a minimal SOP expression for 
the function, we would plot the function on a Karnaugh map having each 
square identified by its index value and then replot the function in a map 
showing the regions associated with each variable. This was precisely what 
was done in the last example, shown in Figure 3.5.7. In general, therefore, 
which form of the map we use depends on how the function to be plotted is 
given and in what form we are required to express the function. 

We have said very little, to this point, about how we would simplify 
expressions which are given in product of sums form. There is nothing diffi- 
cult about handling such representations if we think of each sum term as the 
complement of a product term of the complement of the function. Then, 
instead of plotting a 1 on a map in the respective position, we plot a 0. An 
example will illustrate this approach. Let 

F{a, b, c, d) = (a + b + c)(a + c + d)(b + d) (3.5.6) 

The term ( a + b + c) = ( dbc ) and so we will plot Os in the 2-cube correspond- 
ing to dbc. Doing the same with the other two terms results in the plot shown 
in Figure 3.5.8 after Is are placed in the remaining squares. From this plot we 
observe that Equation (3.5.6) is a minimal product of sums expression, since 
we have a minimal cover for the Os of F(a, b, c, d). The equivalent minimal 
sum of products expression can be found by covering the Is and is given as 

F(a, b, c, d) = ab + cd + ad + be (3.5.7) 

This process is easily reversed to obtain a minimal product of sums expres- 
sion from any given Karnaugh map by simply covering the Os and writing the 
sum terms corresponding to each grouping. For example, a minimal product 
of sums representation for g(a, b, c, d) plotted in the Karnaugh map of 
Figure 3.5.7 can be found by covering the Os as shown in Figure 3.5.9. In this 
case the minimal POS expression becomes 

g{a, b, c, d) = (a + b){b + c)(u + c + d) 
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F(a , h , c. d) 



Figure 3.5.8 

Mapping of the function F\a. b, c, d] 
of Equation (3.5.7). 



It was mentioned earlier that the map method is practical for functions 
of six variables or fewer. There are two forms usually used for maps of five 
and six variables. In one form, a five-variable map is made up of two four- 
variable maps laid one on top of the other, with the one on top corresponding 
to a and the one on the bottom corresponding to a. This form is shown in 
Figure 3.5.10(a). In the other representation, a reversed image of a four- 
variable map, corresponding to a, is placed beside a normal four-variable 
map, corresponding to a. This form is shown in Figure 3.5.10(b). Figure 
3.5.10 shows the two forms used for mapping the five-variable function 

G(a, b, c, d e ) = bed + abc + bee + ade (3.5.8) 




Figure 3.5.9 

Alternative mapping of g{a, b. c. d). 



10 






Figure 3.5.10 



rwo versions of five-variable Karnaugh map plottings of Equatron 
13 5 8): la) five-variable map made from two overlaid four-variable 
lamps; (b) five-variable map made of side-by-side four-variable 



maps. 



The coverings for two of the prime implicants are shown in this figure. I 
appears that the adjacencies are a little easier to visualize m he . fo ™ 

Figure 3.5.10(a). In particular, note the cover for the term F ^ 

3 5 10(b) and compare it with the same cover given in part (a). These idea 
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don’t cares 



can be extended in the obvious way to produce the corresponding maps for 
six variables. 

3.5.4 Don't Care Conditions 

It occasionally happens that a switching function is defined in such a way 
that not all possible assignments of the variables occur. Such functions are 
said to be incompletely specified . For example, let the variables w, x, y, and z 
be used to encode BCD numbers and then define the function /(w, x, y, z ) as 
being 1 whenever the variables represent a BCD number divisible by 3. 
Otherwise, /(w, x, y, z) is 0. To obtain an algebraic representation for/, we 
will plot the function on a Karnaugh map and then determine a minimal SOP 
expression. Assuming that only legitimate BCD numbers can occur, the 
question becomes, What do we plot as values in the map positions corre- 
sponding to the assignments of the variables that will not occur? Obviously, 
since they don’t occur, we really don’t care what values are plotted. How- 
ever, a judicious choice may help in reducing the complexity of the realizing 
expression. 

Since we don’t care what value/ takes on for variable assignments that 
won’t occur, we will plot a dash (— ) in the map position corresponding to 
these assignments. In deriving a minimal expression for the function, we may 
consider the dash as either a 1 or a 0, as we wish. Thus, in finding the largest 
covers for the map entries containing a 1, we may use the dashed entries as 
Is if this will make our cover larger. Using the don’t cares in this way, /is 
plotted as in Figure 3.5.11, from which the expression is written as 




Figure 3.5.11 

Using don't cares to simplify the 
function f\w, x. y. z | of Equation 
(3.5.9J. 
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f(w, x, y, z) = wz + xyz + xyz + wxyz (3.5.9) 

Note that had the don’t cares been assigned, a priori, the value 1, then two 
more terms would have to be added to Equation (3.5.9), and had they been 
assigned the value 0, each term in this equation would contain at least four 
literals. Thus the use of the don’t cares has produced a simpler expression 
than otherwise possible. 

It is important to observe that although six of the possible variable 
assignments in the above problem were assumed to be don’t cares, the 
function /(w, x, y, z) of Equation (3.5.9) does take on a value if any of these 
assignments is made. For example, if ( w , x, y, z) = (1100), a don’t care in 
the map, Equation (3.5.9) reduces to 0. On the other hand, if (w, x, y, z) = 
(1101), also a don’t care,/= 1. As we will see in the next chapter, physical 
realizations are based on switching expressions, such as given in Equation 
(3.5.9). Thus a physical output will be produced for all possible physical 
inputs regardless of whether the problem statement includes don’t cares 
or not. 

When a switching function is defined using a minterm or maxterm index 
list, some method must be found to indicate the terms which are to be 
considered don’t cares. This is usually done by writing them as an index list 
preceded by the letter d. Thus, in the example above, 

f(w, x, y, z) = 2 m(0, 3, 6, 9) + d( 10, 11, 12, 13, 14, 15) 

= n Af(l, 2, 4, 5, 7, 8) + d( 10, 11, 12, 13, 14, 15) 1 ' ' } 

Note that the don’t cares are the same regardless of whether we are given a 
minterm or a maxterm list. 

Before proceeding to a discussion of the Quine-McCluskey algorithm, 
consider the simplification of the following function of g(a, b, c, d). Let 

g(a, b, c,d) = II M( 3, 5, 7, 11, 13, 14) + d( 2, 6, 8, 9, 12, 15) (3.5.11) 

This function is plotted in Figure 3.5.12, from which the reader should verify 
that one of the possible minimal SOP expressions and one of the possible 
POS expressions are, respectively, 9 

g(a, b, c,d) = bc + cd+bd _ _ 

= (b + c)(c + d)(b + d) 



9 Notice, in this particular case, that the POS form is the dual of the SOP form. Functions 
having this property are called self-dual functions. 
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Figure 3.5.12 

Plot of g\3, b. c, d) of Equation 
(3.5. 1 1 ) and a minimal POS cover. 



3.5.5 Quine-McCluskey Algorithm 

When dealing with functions of more than five variables, the Karnaugh map 
method for finding a minimal sum of products representation becomes ex- 
tremely unwieldy. Furthermore, the map method, which is easy for a person 
to use because people are good at recognizing visual patterns, is not good for 
computer implementation, since computers, at the moment, are not good at 
recognizing such patterns. A tabular method, which is easily implemented on 
a computer, is thus desirable for handling functions of large numbers of 
variables. One such method is the Quine-McCluskey algorithm. As with all 
methods of simplification, the tabular method consists of two parts: finding 
the prime implicants, and then finding a minimal cover. 10 

3.5.5. 1 Finding the Prime Implicants. In this method, determination of 
the prime implicants is based solely on the fact that xp + xp = p, where p is 
some product of the remaining variables. The process begins with the min- 
minterm term list. Each minterm is compared with each of the others in binary form. 

comparison When any two differ by only one bit, they are replaced by a new product 

term identical to the originals except without the differing literal. For exam- 
ple, the two minterms 0110 and 1110, which correspond to the product terms 
ABCD and ABCD, respectively, differ in only one bit position and can there- 
fore be combined to form a single new product term. The resulting term is 

10 Recent algorithms have been developed which are more efficient than the Quine-McClus- 
key algorithm for computer computation. Some of these are referenced in the bibliography at 
the end of the chapter. 
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-110, which corresponds to BCD. After all minterms are compared and all 
possible combinations are made, this comparison is repeated on the new 
product terms generated by this process. Each of the resulting new product 
terms is then compared with all of the others. Again, whenever two differ in 
exactly one bit position, they may be replaced by a single product term 
identical to the originals except without the differing literal. For example, the 
terms -110 and -0M can combine to produce the single product term — 10, 
corresponding to CD. When a product term cannot be combined on this basis 
with any other product term, it is a prime implicant. 

In carrying out these steps, we can reduce our effort by grouping the 
minterms on the basis of the number of Is and then making comparisons only 
between groups that differ by one 1 . The reason for this is that minterms can 
differ in only one position only if one has exactly one more 1 than the other. 
An example will help illustrate the process. Let 

f(w, x, y, z) = 2 m(0, 2, 4, 5, 8, 10, 11, 12, 13, 15) (3.5.13) 

For the moment, we will use the assignments corresponding to these min- 
term indices in finding the prime implicants (Pis). Thus minterm 5 corre- 
sponds to assignment (0101) and to the product term wxyz. Figure 3.5.13 
shows the successive steps in the search process. 

List 1 is found by listing the minterm assignments in groups according to 
the number of Is in each assignment. 

List 2 is derived from list 1 by combining those terms in list 1 that differ 
in exactly one position. This position, corresponding to the variable that is 
removed, is indicated with a dash (-) in list 2. For example, the two terms 
0000 and 0010, corresponding to the minterms wxyz and wxyz, combine to 
give the term 00-0, corresponding to the product term wxz. Since the assign- 
ments 0000 and 0010 have combined and therefore cannot be prime impli- 
cants, we place a check (*) beside each. We continue, however, comparing 
0000 with the rest of the elements in the second group, namely, 0100 and 
1000. The resulting list 2 entries are 0—00 and -000. We then repeat the 
process of comparing each entry in the second group of list 1 with all entries 
in the third group and checking off those that combine. The results form the 
second group of list 2. We continue the process until all possible comparisons 
have been made. 

List 3 is derived in a similar manner to that of list 2. Note, however , that 
in making the various comparisons in list 2, the two terms being compared 
must have the dash in the same variable position or else they cannot be 
products of the same variables and therefore cannot combine. For example, 
00-0, in the first group of list 2, can be compared only with 10-0 in the 
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List 1 



List 2 List 3 



0000 00-0 ^ -0-0 * 

0010 v* 0-00 * = 00 * 

0100 v* ^000 t* -10- * 

1000 * -010 

0101 * 010- * 

1010 * -100 v* 

1100 * 10-0 t" 

ion * wo * 

1101 -101 V* 

mi v* ioi- * 

IIP- * 

1-1 1 * 

11-1 * 



Figure 3.5. 13 

Determination of the prime impficants for 
the function given in Equation (3.5. 13J. 



second group. In this case, these two will combine to form -0-0, shown in 
list 3. 

As we progress through the various comparisons, generating the se- 
quence of lists, eventually we will find terms that will not combine with any 
other term in the list. Such terms are the prime implicants and are marked 
with an asterisk (*). The term 101- in list 2, for example, which corresponds 
to wxy, will not combine with anything in the next group and so is a prime 
implicant. This process yields the prime implicants indicated by the asterisks 
in Figure 3.5.13, namely, wxy, wyz, wxz, xz, yz, and xy. 

An alternative representation is to use the minterm indices. Figure 
3.5.14 gives the equivalent reduction procedure using these numbers. This 
table is organized exactly as before. Making the minterm comparisons is a bit 
different, however. A number in a group is compared with a number in a 
group below it by subtracting the former from the latter. If the difference is a 
power of 2, and is positive, then the two numbers combine to form a reduced 



0 ^ 0, 2(2) 

2 v" 0, 4(4) 

4 ** 0. 8(8) ** 

8 ** 2 10(8) 

5 * 4, 5(1) * 

10 * 4. 12(8) 

12 8 , 10 ( 2 ) v* 

11 v* 8. 12(4) *■" 

YS V 5, 13(8) 

15 ^ 10, 11(1) . 

12. 13(1) ^ 

11, 15(4) * 

13, 15(2) * 



0, 2, 8, 10(2, 8) * 
0, 4. 8, 12(4. 8) * 

4, 5, 12, 13(1, 8) * 



Figure 3.5.14 Using the minterm indices to find the prime implicants of 
f(w, x, y. zj given in Equation (3.5. 1 3). 
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product term in the next list. For example, comparing minterrn 4 with 12, we 
get 12-4 = 8, which is a power of 2, and positive. Therefore, we combine 
the two to give the reduced product term 4, 12(8), where the (8) indicates the 
bit position that is missing in the second list. This corresponds to the compar- 
ison of 0100 (the 4) and 1 100 (the 12), which produces the term -100, where 
the fourth bit position, corresponding to 2 3 = 8, is the one missing. On the 
other hand, comparing 12, in the third group, with 1 1 in the fourth produces a 
difference of -1. These two minterms cannot combine, as is easily verified 
by comparing the corresponding assignments, namely, 1100 and 1011, which 
differ in three positions. 

It is important, in forming the index list for the reduced product terms, 
that the lists be kept in lexicographical order. Doing this makes forming the 
third list from the second easy. If two terms have the same set of numbers in 
parentheses, then they may be compared by subtracting the first numbers in 
each list. The two terms then combine to form a term in list 3 if the difference 
is a power of 2 and positive. For example, 0, 2(2) and 8, 10(2) both have 2 in 
parentheses, and so we subtract the first number in each to get 8 - 0 = 8. 
Thus, these two product terms combine to give 0, 2, 8, 10(2, 8) in list 3, which 
corresponds to -0-0 or xz- 

3.S.5.2 Finding the Minimal Cover. Once all of the prime implicants have 
been determined, a minimal subset must be found which covers the given 
function. This is done by setting up a covering table that shows all of the 
prime implicants and the minterms covered by each. The first step in deter- 
mining a cover is to find all of the essential prime implicants. Figure 3.5.15 
shows a table, called a covering table, for the function /(w, x, y, z) given in 
Equation (3.5.13), which can be used for this purpose. This table is set up in 
terms of the prime implicants given in index list form from Figure 3.5.14. 

The rows of this table list the prime implicants (Pis) and identify, by an 
X, the minterms covered by each prime implicant. The essential prime impli- 
cants are readily found from this table by counting the number of prime 



covering 

table 
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prime 

implicants 
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Minterms 



implicants 


11 


15 


10. 11(1) 


X 




* 11,15(4) 


X 


X 


13, 15(2) 




X 


0, 4, 8, 12(4, 8) 







Figure 3.5. 1 6 

Reduced covering table for f(w. x, y, z ( of 
Equation <3.5.13). 



implicants which cover the minterms. If a minterm is covered by only one PI 
(i.e., only one X appears in that minterm’s column), that prime implicant is 
essential. In this example we find two essential prime implicants, which are 
the two marked by asterisks (*) in Figure 3.5.15. 

Since minterms 0, 2, 4, 5, 8, 10, 12, and 13 are covered by the two 
essential prime implicants, we may reduce the size of the table by removing 
these columns and removing the rows corresponding to the essential Pis. 
Figure 3.5.16 shows the resulting table. Note that prime implicant 0, 4, 8, 
12(4, 8) covers neither of the minterms 11 and 15 and so could be removed 
from the table. From this figure it is easily seen that the remaining two 
minterms, 11 and 15, are covered by the prime implicant 11, 15(4). Thus a 
minimal sum of products representation for/is found using the three prime 
implicants shown in their various forms in Figure 3.5.17. The resulting ex- 
pression for/is 



f(w, x,y, z) = xz + xy + wyz (3.5.14) 

The reader should verify this result by plotting /on a Karnaugh map. 

3.5.5.3 Incorporation of Don't Care Conditions. Although the basic pro- 
cedure just outlined also applies when don’t care conditions enter the prob- 
lem, some modifications are required in setting up the covering table. Be- 
cause of these modifications, some complications may arise in finding a 
minimal cover. To illustrate, let us consider the function 

g(a, b, c, d) = 2 m(0, 1, 3, 5, 13, 15) + d( 2, 6, 10, 11, 12) (3.5.15) 



List form Assignment Product term 



0, 2, 8, 10(2, 8) -0-0 xz 

4, 5, 12, 13(1, 8) -10- xy 

11, 15(4) 1-11 wy z 

Figure 3.5. 1 7 Prime implicants used to cover the function of Equation (3.5. 1 3). 
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List 1 List 2 



0 * 0,1(1) x* 0,1,2, 3(1, 2) * 

7 ^ Q, 2(2) X* 2,3,10,11(1,8) * 

2 x" 1, 3(2) x" 

3 x* 1, 5(4) * 

5 2, 3(1) x* 

6 x* 2, 6(4) • 

10 ** 2. 10(8) ^ 

12 x» 3,11(8) x* 

11 *<* 5.13(8) * 

13 ^ 10 , 11 ( 1 ) 

15 x* 12, 13(1) * 

11, 15(4) * 

13, 15(2) » 

Figure 3.5.18 Derivation of the prime implicants of Equation (3.5.1 S). 



The first step, as before, is to find the prime implicants. Since we wish to 
use the don’t cares to maximize the number of minterms covered by each PI, 
we will include the don’t cares in the minterm list used to find the prime 
implicants. Figure 3.5.18 shows the resulting prime implicant generation. 
Note that prime implicant 2, 6(4) is made up of don’t cares only and so it will 
be ignored. j „ 

Since we don’t care whether the terms 2, 6, 10, 11, and 12 are covered 
(they are, after all, don’t care terms), we will not include these in the cover- 
ing table. Using these prime implicants, and ignoring the don’t cares, the 
covering table becomes as shown in Figure 3.5.19. This table shows only one 
essential prime implicant, namely, 0, 1,2, 3(1, 2), and so we need not con- 
sider the first three columns further. Each of the remaining minterms is 
covered by more than one prime implicant. Our job now is to select a mini- 
mal subset of these prime implicants which covers all of the required min- 
terms. In general, there may be many ways in which this can be done. 




Figure 3.5. 1 9 Covering table for g{a. b, c, d) of Equation (3.5. 1 5). 
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Usually, however, we will be interested in only a single solution and not all 
such possible covers. Section 3. 5. 5.4 describes a method that can be used to 
determine all of the covers that use a minimal number of product terms and 
literals. For now, however, let us concentrate on finding a single, minimal 
cover. Proceeding, then, we note in Figure 3.5.19 that prime implicant 11, 
15(4) covers only minterm 15, whereas prime implicant 13, 15(2) covers both 
minterms 13 and 15. We say that a row of the table is dominated by another 
row if all of the minterms covered by the dominated row are also covered by 
the other row. A dominated row may, therefore, be removed from the table if 
the number of literals associated with the prime implicant of the dominated 
row is not less than the corresponding number for the dominating row. Thus, 
since 11, 15(4) is dominated by 13, 15(2) and both have the same number of 
literals, we may ignore the prime implicant 11, 15(4) and be assured that the 
resulting expression is no more complicated than any other possible expres- 
sion for the function. Note, also, that after the minterms covered by the 
essential prime implicant are removed, prime implicant 1, 5(4) becomes dom- 
inated by 5, 13(8). Since both have the same number of literals, we can also 
ignore prime implicant 1, 5(4). The resulting, reduced covering table is 
shown in Figure 3.5.20. 

After the table has been reduced, the remaining two prime implicants 
become essential. These are generally referred to as secondary essential 
prime implicants, since they become essential only after all other essential 
and dominated prime implicants are eliminated. Using the one essential and 
the two secondary essential prime implicants, the function g(a, b, c, d) 
reduces to 



g{a, b, c, d) — ab + bed + abd (3.5.16) 

where ab corresponds to the essential prime implicant and bed and abd 
correspond to the secondary essential prime implicants given in Figure 
3.5.20. As we shall see in Section 3.5.5.4, this is not the only possible mini- 
mal expression for g(a, b, c, d). 

3.5.5. 4 Petrfck Algorithm. As indicated above, it quite often happens 
that there is more than one possible cover for a given function. In fact, it may 



implicants 


5 


13 


15 


* 5, 13(8) 


X 


X 




* 13, 15(2) 




X 


X 



secondary essential 
secondary essential 



Figure 3.5.20 Reduced covering table for g\a, b, c, d) of Equation |3.5.J5j. 
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Figure 3.5.21 Cyclic covering table for h(a, b. c. d) of Equation j3.5.!7). 



happen that after all essential and secondary essential prime implicants are 
found, the remaining minterms can be covered in many ways. This would be 
the case if each column in the reduced covering table were to contain at least 
two X’s. A table in which this is the case is said to be cyclic. As an example, 
let h(a, b, c, d ) be given by 

h(a, b, c,d) = 2 m{l, 5, 7, 8, 10, 14) + d{ 0, 6 , 9, 11, 13, 15) (3.5.17) 

After the prime implicants are determined, the resulting covering table is as 
shown in Figure 3.5.21 and is seen to be cyclic, since every minterm is 
covered by at least two prime implicants. 

To find a minimal cover, we can reason as follows. Minterm 1 is covered 
if we use prime implicant A or B; minterm 5 is covered if we use prime 
implicant B or £>; and so on, for each of the minterms. The function will be 
covered if minterm 1 is covered and minterm 5 is covered and minterm 7 is 
covered and the other minterms through minterm 14 are covered. Now, if we 
use A to mean “use prime implicant A,” then we can write a logical equation 
which expresses the requirements for the cover, as follows: 



THE FUNCTION IS COVERED . ... 

= (A + B)(B + D)(D + E)(A + C)(C + F)(E + F) (3.5.18) 



Reducing this expression by using the laws of Boolean algebra, we get 



THE FUNCTION IS COVERED 

= BCE + ABEF + BCDF + 
+ ACDF + ADF 



ABDF + ACDE + ADEF 



(3.5.19) 



Equation (3.5.19) can be interpreted as follows: The function is covered if we 
use prime implicants B and C and E or we use the prime implicants A and B 
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and E and F or . . . . Thus we have found all covers for the function. We 
need only select one from among this set which requires the smallest number 
of prime implicants and literals. In this case, there are two that require three 
prime implicants: BCE and ADF; all of the others require four prime impli- 
cants. Since both of these sets of prime implicants require the same number 
of literals, we can select either. Let us select prime implicants B,C, and E. 
These are as follows: 



PI 


Index List 


Assignment 


Literals 


B 


1, 5, 9, 13(4, 8) 


—01 


cd 


C 


8, 9, 10, 11(1, 2) 


10— 


ab 


E 


6, 7, 14, 15(1, 8) 


-11- 


be 



from which h(a, b, c, d) becomes 

h(a , b, c, d) = cd + ab + be (3.5.20) 

If we had used prime implicants A, D, and F, we would have obtained the 
second minimal SOP expression, 

h(a, b, c, d) = be + bd + ac (3.5.21) 

Let us now go back to the covering table for the function g(a, b, c, d) 
given in Figure 3.5.19. After we remove the columns associated with the 
essential prime implicant 0, 1, 2, 3(1, 2), the reduced table becomes as shown 
in Figure 3.5.22. We can find all of the possible covers, including the one 
found in Section 3. 5.5.3, using the Petrick algorithm, as follows: 



ALL M1NTERMS ARE COVERED = (A + B)(B + C + E)(D + E ) 
= (AC + AE + B)(D + E ) 

= ACD + AE + BD + BE 




(3.5.22) 



Figure 3.5.22 

Covering table for g(a, b, c. d) of Equation 
(3.5. 15) after the essential prime implicant is 
removed. 
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From Equation (3.5.22), we see that there are actually three ways in which 
the minterms 5, 13, and 15 can be covered using only two prime implicants. 
Thus the function g{a, b, c, d) can be expressed in a minimal SOP form in 
three ways, namely, 

g(a, b, c, d) = db + bed + abd 

= ab + bed + acd (3.5.23) 

— ab + acd + abd 

where the product term db is the essential prime implicant. Note here that 
the first of the three expressions in Equation (3.5.23) is the one found m 
Section 3. 5. 5. 3. 

3 .5.5.5 Summary of the Quine-McCluskey Algorithm. In summary , the 
Quine-McCluskey algorithm for finding a minimal sum of products expres- 
sion for a given function follows the steps given below. If it is necessary to 
find all possible minimal covers, then steps 4 and 5 should be ignored. 

Step 1. Using the don’t cares, if any, find the set of all prime implicants of 
the function by the procedure outlined in Section 3.5.5. 1. 

Step 2. Construct a covering table as described in Section 3. 5.5. 2. 

Step 3. Identify all of the essential prime implicants and form a reduced 
covering table. 

Step 4. Reduce the table further by removing the dominated rows whose 
corresponding prime implicants are no simpler than the rows that 
dominate them. 

Step 5. Identify the secondary essential prime implicants and reduce the 
covering table again. 

Step 6. Use the Petrick algorithm to select a minimal cover for the remaining 
minterms, if any. 

3.5.6 Using the Quine-McCluskey Algorithm 
to Simplify Multiple Functions 

In the design of large digital systems, it very often happens that many func- 
tions must be generated all of which are functions on the same set of vari- 
ables. As we shall see in the next chapter, a physical piece of hardware is 
required to implement each product term and each literal. It therefore be- 
hooves us to reduce the total number of these terms if we wish to obtain 
functions which can be physically implemented with the least amount of 
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hardware. We could, of course, find minimal SOP expressions for the func- 
tions by applying the Quine-McCluskey algorithm to each. However, the 
total number of product terms and literals required to implement all of the 
functions may be reduced if we recognize that proper selection of product 
terms may make it possible to share terms among functions. For example, 
the two functions 



/,(«, b, c, d) - abc + ad 



and 



fi(a, b, c, d) = ab + be + ad 

have the term ad in common. Thus, these two functions require the genera- 
tion of only four product terms, using a total of nine literals, to implement. 

The Quine-McCluskey algorithm can easily be modified to generate 
minimal covers for several functions which maximize the number of terms 
that are common among the functions. The basic idea of this modification is 
to find all of the prime implicants for each function and then find all of the 
prime implicants that are shared among all possible combinations of func- 
tions. For example, suppose we are to implement the functions gi, gi, and 
We would first find all of the Pis for each of these functions. Next we 
would find all of the Pis that are common to pairs of functions, namely, the 
Pis of the functions g\g 2 , g\g 2 , and g z g 3 . Finally, we would find all of the Pis 
common to all of the functions, namely, g\g 2 g 2 . A covering table can then be 
set up using these prime implicants and from it a minimal cover can be found 
using the general procedures described in Section 3.5.5.4. 

Let us illustrate this process with a simple example. Suppose we are 
required to implement the following two functions: 



MW, X, Y, Z) = 2 m( 3, 4, 5, 6, 7, 11, 12, 13, 14) (3.5.24) 

MW, X, Y,Z) = 1 m( 3, 5, 11, 13, 15) (3.5.25) 

The minterms that are shared between these functions are found by taking 
the product of/i and/ 2 . This yields 

MW, X, Y, Z)MW, X, Y,Z) = 1 m( 3, 5, 11, 13) (3.5.26) 

Using the tabular procedure described in Section 3.5.5. 1, we can easily 
derive the prime implicants for each of these functions. Using these prime 
implicants, we can then set up the covering table as described in Section 
3.5.5.2. The resulting table is shown in Figure 3.5.23. Notice that this table is 





Figure 3.5.23 Initial covering table for the functions f,{W, X, Y. 2] and 
f 2 \W.XY.Z\. 
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Figure 3.5.24 Covering table after removal of the essential prime implicants. 



organized vertically as three tables, one for each of the functions / , f 2 , and 
/,/ 2 . The minterms to be covered are those associated with the individual 
functions,/, and/ 2 , only. For reference purposes, we have labeled each row 
with a letter along the right side of the table. 

The next step in the simplification procedure is to find the essential 
prime implicants. In this case there is only one: prime implicant c, corre- 
sponding to 4, 6, 12, 14(2, 8). This is marked by the asterisk (*) in the table. 
After we remove this row and the columns corresponding to the minterms 
covered by this prime implicant, indicated by X’s at the bottom of the table, 
the table reduces to that shown in Figure 3.5.24. 

The table will next be further reduced by finding and eliminating all of 
the dominated rows (we are interested here in only one solution, not all 
solutions). It can be seen that row j dominates rows a and i and row k 
dominates rows e and/. We will therefore remove rows a, e,f, and i. The 
resulting table is shown in Figure 3.5.25, from which we see that prime 
implicants j and k, 5, 13(8) and 3, 11(8), respectively, become secondary 
essential Pis. Again, the minterms covered by these prime implicants are 
indicated by the X’s at the bottom of the table. 

The only minterms not yet covered are minterm 7 of function / and 
minterm 15 of/ 2 . Using the Petrick algorithm, we find that a cover occurs if 
we use b and g, or b and h, or d and g, or d and h. Since prime implicant b has 
two literals and prime implicant d has three, we will select from either b and 
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Figure 3.5.25 Reduced covering table showing the secondary essential Pis. 



g, or b and h. Let us arbitrarily pick b, 4, 5, 6, 7(1, 2), to cover minterm 7 and 
g, 13, 15(2), to cover minterm 15. 

We have now found five prime implicants that cover all of the minterms 
of both/j and/ 2 . Prime implicants 4, 6, 12, 14(2, 8) and 4, 5, 6, 7(1, 2) are 
associated with function / only. Prime implicant 13, 15(2) is associated with 
function /2 only. Finally, prime implicants 5, 13(8) and 3, 1 1(8) are common to 
both / and/ 2 . Using these Pis, the final minimum expression becomes 

MW, X, Y, Z) = XZ + WX + XYZ + XYZ 
MW, X, Y, Z) = WXZ + XYZ + XYZ 

These equations have thus been expressed in a form using a total of 5 distinct 
prime implicants which require a total of 13 literals to implement. If we had 
simply minimized each expression, one possible result would be 

MW, X, Y, Z) = XZ+ WX + XY + XYZ 5 

MW, X, Y, Z ) = WXZ + XYZ + XYZ 

which requires 6 distinct product terms using a total of 15 literals. 
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There are numerous books that discuss the general topics covered in this 
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A very extensive bibliography of works dealing with all aspects of digi- 
tal systems can be found in Muroga. This book also gives excellent discus- 
sion of many theoretical topics in switching theory. Muroga also discusses a 
number of topics that are important in the design of VLSI circuits that are not 
usually found in switching theory texts. 

Muroga, S., Logic Design and Switching Theory, Wiley-Interscience, New 
York, 1979. 

Two other references of note, dealing with the general topic of Boolean 
and switching algebra, are the books by Miller and Harrison. Both of these 
texts present ideas and concepts in a very rigorous, mathematical fashion 
and so should be considered “advanced” texts (especially Harrison). These 
books are recommended for the more precocious reader only. 

Harrison, M. A., Introduction to Switching and Automata Theory, McGraw- 
Hill, New York, 1965. 

Miller, R. E., Switching Theory, Wiley, New York, 1965. 

On more specific topics, the derivation of the postulates that describe a 
Boolean algebra can be found in the original paper by Huntington. 

Huntington, E. V., “Sets of Independent Postulates for the Algebra of 
Logic,” Trans. Am. Math. Soc., Vol. 5, July 1904, pp. 288-309. 

There are many examples of proof by algebraic manipulation presented 
in Chapter 2 of the book by Givone. 

Givone, D. D., Introduction to Switching Circuit Theory, McGraw-Hill, New 
York, 1970. 

The use of Karnaugh maps for the simplification of switching functions 
was first described in 1953 by M. Karnaugh. Virtually all of the books men- 
tioned above discuss this method. When discussing maps of more than four 
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variables, most texts use the form shown in Figure 3.5.9(b). Roth’s book 
(mentioned above), however, uses the form shown in Figure 3.5.9(a); in fact 
it appears that this form of map is due to Roth. 

Karnaugh, M., “The Map Method for Synthesis of Combinational Logic 
Circuits,” Commun. Electron., November 1953, pp. 593-599. 

Simplification procedures based on the Quine-McCluskey algorithm 
are also discussed in most of the texts cited above. However, methods other 
than this algorithm do exist. These methods are generally more efficient than 
Quine-McCluskey when carried out on a computer. This is usually true 
because with these methods it is not necessary to find all of the prime impli- 
cants. Chapter 10 of Dietmeyer and Chapter 4 of Nagle et al. give two 
approaches which seem to be typical of the non-Quine-McCluskey algo- 
rithms. Nagle’s procedure, however, only finds the prime implicants and not 
a minimal cover. A paper by Rhyne et al. describes a similar procedure 
which appears to be quite efficient. This paper also gives a nice list of the 
various approaches to this simplification problem. Muroga, cited on page 70, 
describes a very interesting, but quite different, approach, in Chapter 4. He 
refers to this method as the “branch-and-bound” method. 

Dietmeyer, D. L., Logic Design of Digital Systems, Allyn & Bacon, Boston, 
1978. 

Nagle, H. T., jr., B. D. Carroll, and J. D. Irwin, An Introduction to 
Computer Logic, Prentice-Hall, Englewood Cliffs, N.J., 1975. 

Rhyne, V. T., P. S. Noe, M. H. McKinney, and U. W. Pooch, “A New 
Technique for the Fast Minimization of Switching Circuits,” IEEE Trans. 
Comput , Vol. C-26, No. 8, August 1977, pp. 757-764. 

Finally, several of the books mentioned above also describe simplifica- 
tion procedures that can be applied to circuits having multiple outputs. Two 
excellent and readable references are those of Hill and Peterson and of 
Givone. 



PROBLEMS 



3 . 1 . Prove Theorem 3.2.6 using complete enumeration. 

3 . 2 . Prove each of the following algebraically. Identify the postulates or theorems 
used at each step. 

(a) ab + ab = b 
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functionally 

complete 



(b) a + ab = a 
(c )a J >-ab = a + b 

(d) ab + ac + be = ab + ac (consensus) 

(e) (fy) = x + y (De Morgan’s theorem) 

3.3. Construct the truth tables for the AND, OR, and NOT operations in a four- 
element Boolean algebra having the elements 0, 1 , a, and b. 

3.4. Assuming an n-element Boolean algebra, how many functions are there on m 
variables? 

3.5. A subset of Boolean functions from which all other Boolean functions can be 
derived is said to be functionally complete. For example, since the three 
functions AND, OR, and NOT of the Huntington postulates serve to define 
all Boolean functions in the algebra, this set is functionally complete. Prove 
that the single NAND function, (xy), is functionally complete by showing 
how the AND, OR, and NOT functions can be obtained using the NAND 
only. 

3.6. Show that the NOR function (x + y) is functionally complete. 

3.7. Show that the exclusive-OR function, xy + xy, is not functionally complete. 

3.8. Determine which of the following equations are valid. 

(a) ac + ab + bc_+ ab + ac = a+]> + c 

(b) AB + AC + A C = AC + BC + AC __ 

(c) BD +_ CD + ABC + ABC =_BD + ACD + ABC 

(d) a + b = ac + be +^ab + bd 

(e) ab = (a + c)(a + b)(a + b ) 

3.9. Write the dual of each of the following expressions. Simplify your results. 

(a) a + be 

(b) db + c(d + e) 

(c) ab + ede 

(d) (a + b){a + cd) 

(e) (a + b{c + d))(b + cd) 

3.10. Using De Morgan’s theorem, take the complement of each of the expressions 
in Problem 3.9. Simplify your answers. 

3 . 11 , For each of the given functions, (i) write the function as a minterm list, (ii) 
write the function as a maxterm list, (iii) write the function in canonical 
minterm form, and (iv) write the function in canonical maxterm form. 

(a) f(a, b) = a + b 

(b) /(fl, b,c) = a + bd 

(c) f(a, b, c) = ab +_ac + be 

(d) f(a, b, c, d) = abc + bdfr cd 

(e) f{a, b, c , d, e) = ac + bde + ede 

(f) f(a, b, c, d, e) = (a + b)(c + d + e)(b + d) 
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3.12. Convert the following expressions to a product of sums (POS) form. 

(a) abc + ab_ + bed 

(b) XY+XY+ XYZ 

(c) wxy + wyz + xy + wz 

(d) abc + dbd + bd +_cd _ 

(e) (A + BC)(AB + D) + CD 

(f) (xy + 2)w + vv*(y + z) 

3.13. Convert each of the following expressions to a sum of products (SOP) form. 

(a) (a + b)(a + b + c) 

(b) (x + y + z)(w + y) 

(c) (x_+ y)(w + z)(_x + y + z) 

(d) (A + B + D)(B 4 _C + D) 

(e) (A + BC)(AB + D) + CD 

(f) (xy + z)w + wx(y + z) 

3.14. Algebraically reduce each of the following expressions to a minimal SOP 
expression. 

(a) db + be + abc + abc 

(b) wxz + xyz + wyz + wyz + xyz + xz 

(c) xz + xyz + yz 

(d) ac + be + db + bd 

(e) (a_+ b)(a_ + c)(a + c) 

(f) ade + bde + abed + bde 4- abce 

3.15. Plot each of the given functions in a Karnaugh map. 

(a) f(a, b, c, d) - abc + ad + be 

(b) g(x, y, z) = S ^(O^l, ^6, 7) _ _ _ 

(c) h(A, B, C, D) ~ (A + B + C)(A + B + D)(B + C) 

(d) G(a, b, c,d) = Tl M( 0, 1, 3, 4, 5, 7, 10, 11, 12, 13) 

(e) H(a, b, c, d) is 0 if a = 1 and ( b , c, d) consists of an odd number of Is or if 
the number represented by the 3-tuple (b, c, d) is divisible by 2, regard- 
less of the value of a. 

(f) /(A, B, C , D, E) is 1 if the number represented by the 5-tuple (A, B, C, D, 
E) is even or is divisible by 3. 

3.16. List all of the prime implicants for the functions given in Problem 3.15. 

3.17. For each of the Karnaugh maps shown in Figure P3.17, write an expression 
for the function implemented in minimal sum of products form. 
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3.18. Repeat Problem 3.17, writing the expression in minimal product of sums 
form. 

3.19. Using Karnaugh maps, find a minimal SOP expression for the following func- 
tions. 

(a) G(A,B, C) = 2 m(0, 1, 2, 4, 6) 

(b) /(a, b, c,d) = 2 m( 2, 3, 6, 9, 12, 13, 14) + d( 0, 11) 

(c) h(a, b, c, d,e) = 2 m(l, 17, 23, 25, 28, 29, 30, 31) 

(d) /(W, X, Y,Z) = H MO, 4, 5, 8, 10, 11, 12) 

(e) f(a, b, c,d) = U M( 0, 1, 3, 9, 10, 12, 13) + d( 7, 8, 11, 14) 

(f) g(a, b, c,d) = 2 m( 2, 3, 5, 9, 12, 14) + c?(0, 4, 6, 8, 10, 13) 

3.20. Using Karnaugh maps, find a minimal POS expression for the following func- 
tions. 

(a) f(w, x,y) = 2 m(0, 2, 3, 7) 

(b) g(x, y, z) = n M0, 2, 7) + d{\, 6) 

(c) h(a, b, c,d) = 2 m(l, 2, 3, 5, 9, 12, 13) + d( 4, 7, 8, 15) 

(d) F(a, b, c,d) = n M{ 0, 1, 2, 8, 9, 12) + d( 3, 10, 13) 

(e) G(a, b , c, d, e) = 2 m( 6, 14, 22, 25, 27, 29, 30, 31) 

<f) H(v, w, x, y, z) = n M( 1, 2, 5, 6, 7, 16, 22, 24) + d{ 0, 8, 15, 30, 31) 

3.21. Write the prime implicants in product of literals form corresponding to the 
minterm list forms shown. 

(a) 0, 1(1) on four variables 

(b) 8, 9, 10, 11(1, 2) on four variables 

(c) 0, 2, 8, 10(2, 8) on four variables 

(d) 5, 13, 21, 29(8, 16) on five variables 

(e) 20, 21, 22, 23(1, 2) on five variables 

(f) 0, 2, 4, 6, 18, 20, 22(2, 4, 16) on five variables 

3.22. Write the prime implicants in minterm list form corresponding to the product 
of literals form shown. 

(a) ab, on two variables 

(b) be, on four variables 

(c) a, on four variables 

(d) acd, on five variables 

(e) bed, on five variables 

(f) abe, on five variables 

3.23. Using the Quine-McCluskey algorithm find a minimal cover for each of the 
following functions: 

(a) F(A, B, C, D) = 2 m( 0, 1, 2, 3, 5, 7, 10, 12) 

(b) h(A, B, C,D) = 2 m(0, 1, 2, 4, 5, 7, 8, 10) + d( 3, 11, 15) 

(c) /(w, x, y,z) = 2 m(0, 1, 7, 8, 10, 12, 14, 15) + d( 2, 5) 

(d) f(a, b, c, d,e) = 2 m( 3, 4, 6, 7, 12, 18, 19, 20, 22, 23, 24, 25, 26, 27, 28, 29, 
30, 31) 

(e) g(A,B, C,D,E) = 2m(0, 1, 2, 3, 4, 6, 8, 11, 12,27, 28) + d(9, 16, 17, 18, 
19) 
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3.24. The following functions yield cyclic covering tables. After finding the prime 
implicants, use the Petrick algorithm to find a minimal cover for each func- 
tion. 

(a) f(w, x, y,z) = l m( 0, 1, 5, 7, 8, 12, 14, 15) 

(b) g(w, x, y, z) = 2 m(3, 4, 6, 7, 11, 12, 13, 15) 

(c) h(w, x, y,z) = l m{ 0, 4, 5, 7, 8, 10, 11, 14, 15) 

3.25. Find all of the possible solutions for the example given in Section 3.5.6. 

3.26. Apply the multiple-function version of the Quine-McCluskey algorithm de- 
scribed in Section 3.5.6 to the implementation of the three functions/, g, and 
h given in Problem 3.24. 

3.27. Let/(x) be a switching function on the n variables x u x 2 , . . . , x„ and let 
f d (x) be the dual of/(x). Prove that 

f d (x) = /(x) = /(*,,* x a ) 

3.28. A switching function /(x) is said to be unate if there exists an expression for 
/(x) such that each of the variables appears in either complemented or un- 
complemented form but not both. For example, /(a, b, c) = a + be is unate, 
but g(a, b) ~ ab + ab is not, since a and b appear in both complemented and 
uncomplemented form. Prove that all prime implicants of a unate function 
have a minterm in common and therefore that the minimal SOP expression 
for a unate function is unique. 
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□ 4.1 

INTRODUCTION 

Blaise Probably the earliest hardware for carrying out digital computation was a 

Pascal simple adding machine built by Blaise Pascal for his father, a bookkeeper, in 

1645. This machine and the famous calculating engine of Charles Babbage, 
Charles circa 1822, were constructed using gears, cams, levers, and the like. These 

Babbage machines, and their successors, were basically decimal machines in which 
each digit was represented by one of ten possible positions of a ten-toothed 
gear or some similar mechanism. 

Although the computations these machines performed could be carried 
out in the binary number system, there was no need to do so, since the 
machines were mechanical. However, the use of relays and, later, vacuum 
tubes and, still later, transistors, all of which are basically switches having 
two states, required that binary numeration be used for computing devices. 
These binary switches are generally of two types: bilateral and unilateral. A 
bilateral switching device, such as a relay contact or a simple switch, allows 
information to flow in two directions. A unilateral device, such as a transis- 
tor, restricts information flow to only one direction. Switching functions can 
be physically implemented using either type of device. By far the most 
common devices used today for the implementation of switching functions 
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fares are unilateral. 1 Such devices are referred to as gates. In what follows, we will 

define a consistent gate symbology and show how to use these devices for the 
implementation of switching functions. 

□ 4.2 

GATE SYMBOLOGY 

Experience has shown that the symbology used in the design of large-scale 
digital systems is most important in conveying information about the opera- 
tional characteristics of the system as well as the logical intent of the de- 
signer. In any digital circuit, there are two points of view from which the 
logical vs. circuit may be analyzed: the logical (or mathematical) and the physical. The 
physical logical point of view considers only the 1 versus 0 behavior of switching 
variables and functions. The physical point of view considers the actual 
voltage levels used to implement the switching variables. These voltage lev- 
els are, of course, what one would observe on an oscilloscope and would 
thus indicate how the circuit is actually operating. The physical and the 
logical points of view coincide when one voltage level is used to represent a 
logical 1 and another, quite different, voltage level is used to represent a 
logical 0. Thus, it is important that the symbology used to represent digital 
circuits be capable of conveying both physical and logical information. 

This need has led to the particular set of symbols and the standard for 
their usage that was adopted for general use by the Department of Defense in 
MIL-STD - February 1962. This is MIL-STD-806B, which is now being used in some 

S06B form or another by most of the digital integrated circuit manufacturers in this 

country. More recent versions are in existence but, at this time, have gener- 
ally not met with as great a degree of acceptance as has standard 806B. More 
will be said about these standards at the conclusion of Section 4.2. In what 
follows, a symbology standard will be described which is completely compat- 
ible with standard 806B but has been extended to reflect current industrial 
usage. 

4.2.1 Gate Symbols and Their Meaning 

Basically, a gate is a physical device, electronic, mechanical, or otherwise, 
which implements a logical operation. 2 As described above, the symbol that 
represents a function must show not only the physical behavior of the gate 

1 Bilateral devices are, however, used extensively in VLSI circuits and will be discussed 
further in Chapter 8. 

2 In all that follows, we will assume the use of electronic gates in which voltages are used to 
represent the logical values. 
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A B C 

7 L r 

L H L 

H L L 

H H H 



A B C 

t l r 

L H H 

H L H 

H H H 



(c) 



(d) 



Figure 4.2. 1 Gate symbols for fa) the AND and fbj the OR functions with their 
respective physical truth tables (c and d). (H = high voltage; L = 
low voltage.) 



but, also, the logical function desired by the designer. The symbols used for 
the AND and OR functions are shown in Figure 4.2.1. These symbols are 
distinctive symbols, in that their shape corresponds to the intended logical 
operation performed by the respective gate. Consider, first, the symbol for 
the AND gate shown in Figure 4.2.1(a). This symbol represents a device that 
has the following physical behavior: the output, C, is a high voltage if input A 
is a high voltage and input B is also a high voltage. In a similar manner, the 
symbol for the OR gate, shown in Figure 4.2.1(b), is interpreted physically to 
have a high voltage on output C if either input A is a high voltage or input B is 
a high voltage. These two interpretations can be summarized in the physical 
truth tables give in Figure 4.2.1(c) and (d). 

The logical interpretation of these gates depends on how we associate 
voltages with logical Is and Os. There are obviously two ways in which this 
can be done, namely: 



1 = high voltage 
0 = low voltage 



or 



1 = low voltage 
0 = high voltage 

Assume, for the moment, that a high voltage corresponds to a 1 and a low 
voltage corresponds to a 0. If we substitute these values into the physical 
truth tables given in Figure 4.2.1, we obtain the logical truth tables shown in 
Figure 4.2.2(a) and (b). These tables are, of course, the same as derived in 
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asserted low 
asserted high 



ABC A B C 

0 0 0 0 0 0 

0 10 Oil 

10 0 10 1 

111 111 

(a) 

A fi|C 



1 1 1 

1 0 1 

0 1 1 

0 0 0 

(c) 



Section 3.2, which defined the AND and OR switching functions. If we take 
the alternative point of view, that a 1 corresponds to a low voltage and a 0 to 
a high voltage, then the logical truth tables that result from this substitution 
are shown in Figure 4.2.2(c) and (d). Writing the logical function imple- 
mented by tables (c) and (d), we find that the AND gate now realizes the 
function C = A + B, or, rewriting in a different form, C = AB; and we find 
that the function implemented by the OR gate now is C — AB, or C — A + B. 
Thus, we see that a physical gate can implement several different logical 
functions, depending only on how we associate the voltage levels with logi- 
cal values. 

To avoid confusion, we need to indicate how the voltage levels are to be 
assigned to the logic levels. We will do this by using the notation ^(H) or, 
simply, X to indicate that a 1 corresponds to a high voltage and A'(L) or X. to 
indicate that a 1 corresponds to a low voltage. Note that in all that follows, if 
no indication is given, it will be assumed that 1 is associated with a high 
voltage, as is customary. We will refer to the assignment of a logical 1 to a 
low voltage as being asserted low; the reverse situation would be termed 
asserted high. 

Consider next the gate shown in Figure 4.2.3. The physical interpreta- 
tion of this gate symbol is that the output, C, is low if either input A is low or 
input B is low. The “bubbles” (small circles) on the inputs and outputs of the 
gate are used to indicate that a low voltage is expected for assertion, and the 



(b) 

Figure 4.2.2 

A B c Logical truth tables resulting from the 

two possible assignments of voltages to 
' ' logic levels for the physical gates of 

' n Figure 4.2.1. (a) AND gate and {bj OR 

n ‘ " gate for I = high and 0 = low; (c| 

AND gate and (dj OR gate for 1 = low 
(d) and 0 = high. 



A(L) 
B( L) 



Figure 4.2.3 

OR gate that is physically the same as the 
AND gate of Figure 4.2.1{aJ. 
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Figure 4.2.4 Gate with mixed-logic conventions: fa) mixed-logic symbol; (b) 
physical truth table; (c) logical truth table. 



OR symbol is used to indicate the physical OR of voltage levels. It is easily 
verified that the resulting physical truth table is the same as the one shown in 
Figure 4.2.1(c). Since the physical truth tables are identical for the gates 
shown in Figures 4.2.1(a) and 4.2.3, the two symbols must represent the 
same physical gate. However, the logical functions performed are quite dif- 
ferent. If, for example, we now assume that all inputs and outputs to the gate 
of Figure 4.2.3 are considered to be a logical 1 when the voltage is low, as 
indicated by the labels A(L), B(L), and C(L), then the logical truth table 
becomes, by simply substituting 0 for H and 1 for L in the table of Figure 
4.2.1(c), the same as Figure 4.2.2(c). Thus we have implemented the logical 
function C = A + Bl 

Let us now consider the example shown in Figure 4.2.4. The gate sym- 
bol itself indicates — if we ignore the correspondences associated with the 
labels A, B, and C, which are, after all, arbitrary (the designer knows what 
these are supposed to be) — that the output is high if either input is low; in 
other words, the OR operation. Now let us look at the logical function 
implemented by this gate. To do this, first construct the physical truth table 
for the gate; this is shown in Figure 4.2.4(b). The logical truth table can now 
be constructed from the physical truth table by replacing the lows and highs 
with the logical Is and Os assumed by the notation used in Figure 4.2.4(a), 
namely, that A is a logical 1 when low, or A is asserted low; that B is asserted 
high; and that C is asserted high. Figure 4.2.4(c) is the resulting logical truth 
table, from which the switching function realized is 

C = A + B (4.2.1) 

Consider for a moment how the B entered this equation. By the defini- 
tion of the gate symbol, the output is asserted high if either input is asserted 
low. The input signal called B is assumed to be a logical 1 when it is high, as 
indicated by the notation 5(H). The corresponding gate input is a logical 1 
when its voltage is low. Thus the logical interpretations of the two points in 
the circuit are complementary, and so B appears in the output function as B. 
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(a) Cb) 

Figure 4.2.5 Equivalent symbols for the buffer (a| and the level shifter (b|, with 
their respective physical truth tables. 



On the other hand, the driving signal A and the corresponding gate input are 
both asserted low, and so no complementation arises. The same holds true 
for the output, except that in this case both are asserted high. From this 
discussion we observe the following rule: 



Rule 1 

A logical complementation will arise at any time when the assertion levels on 
opposite ends of a line are different. 



Before proceeding to analyze more complex circuits, we need to intro- 
uiffer duce a new gate type called a buffer. Figure 4.2.5(a) shows the logic symbols 

associated with this gate and gives the corresponding physical truth table. 
We will generally refer to a buffer with a “bubble” on either the input or the 
VOTI output as a level shifter 3 or a NOT gate. Figure 4.2.5(b) shows the associated 

evel shifter symbols for the level shifter and the corresponding physical truth table. The 

buffer is generally used to amplify a signal so that it can serve as an input to 
many more gates than would be physically possible otherwise. The level 
shifter is generally used to shift an assertion level from one value to another 
so that either a logical inversion is implemented, which produces the NOT or 
complementation operation, or avoided, as needed. Figure 4.2.6 shows the 
use of level shifters for these two functions. If we were to remove the level 
shifter of Figure 4.2.6(a), input A would appear at the output uncomple- 
mented. Similarly, removal of the level shifter, as shown in Figure 4.2.6(b), 
would cause A to be complemented. 



3 The term level shifter is used here to indicate a gate that converts one logic level to another. 
This term may also be used, in other contexts, to indicate a device for shifting one voltage 
level to another because of conflicting electrical or electronic requirements. 
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(a) (b) 



Figure 4.2.6 Use of the level shifter (a) to create or (b| to remove a logical com- 
plementation or inversion. 



4.2.2 Analysis of Mixed-Logic Circuits 

When we use the ideas just presented, the analysis of rather complex circuits 
becomes a straightforward job. The basic analysis procedure consists of 
performing the AND function for AND gates and the OR function for OR 
gates, and complementing a function whenever an assertion-level mismatch 
occurs. Figure 4.2.7 shows a moderately complex gate network realizing 
some switching function. The problem is to write the switching expression 
for the function implemented. The analysis is done by writing the function 
implemented at the output of each gate without reference to any bubbles at 
these outputs. Complementations are generated wherever mismatches occur 
on the inputs. For example, the output of gate 1 realizes the function A + B 
regardless of the fact a bubble occurs at this output. When this output is used 
as an input to gate 2, it appears uncomplemented, because the input to gate 2 
also has a bubble (recall rule 1). However, it appears complemented at the 
input to gate 3, because there is a logical mismatch at that input. Continuing 
the process of writing equations on a line-by-line basis, the function realized 
becomes 

F « [(A + B)C][{A + B) + D] + DE (4.2.2) 




Figure 4.2.7 Analysis of a mixed-logic circuit 
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F(H) 



Figure 4.2.8 Second analysis example. 

As a second example of this analysis process, consider the circuit 
shown in Figure 4.2.8. In this example notice that level shifter 1 is used to 
shift the assertion level of input A from a low to a high, thus matching the 
input to gate 2. Level shifter 5, on the other hand, is used to create a 
complementation, in this case producing the term (C + D). Since the output 
of gate 8 is asserted low and the assumed assertion level for the signal Z is 
also low, the output is uncomplemented and becomes 

Z = (A + B)(C + D) + (F + BE + (C + D)) (4.2.3) 

A very important observation should be made at this point. If an oscillo- 
scope is connected to some point in the circuit, the voltage behavior of a 
correctly operating circuit can be predicted by knowing the logical function 
and the assertion level of the gate output driving the point under test. For 
example, the output of gate 4 in Figure 4.2.7 realizes the logical function 

[{A + B)C)(AB + D) - (A + B)CD (4.2.4) 

Thus, this output will be a low voltage if C is asserted and D is not asserted 
(or is negated) and either A or 5 is asserted. In terms of the physical assertion 
levels, this output is low if C is low and D is low (negated) and either A or B, 
or both, are high. 

If we peruse a 7400 series TTL 4 data book, we will notice very quickly 
that although there are a lot of different gates, none is shown in the form of 

TTL 4 TTL, or transistor-transistor logic, is the most common technology used today for the 

implementation of simple to moderately complex logical functions. Other technologies, such 
as MOS, or metal-oxide-semiconductor, and CMOS, or complementary MOS, are typically 
CMOS used for very complex circuits. 
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NOR 

NAND 







Figure 4.2.9 NAND (aj and NOR (fc>) equivalent symbols. 



gate 2, 3, or 5 of Figure 4.2.7. In fact, no single gate package exits which 
implements gate 3. However, it is easily verified by examination of the 
physical truth tables that gate 2 is equivalent to the so-called NOR gate and 
gate 5 is equivalent to the so-called NAND gate, both of whose symbols 
appear in the data book. Figure 4.2.9 shows the physically equivalent repre- 
sentations for these two gates. The name “NOR” comes from the function 
implemented by the gate if one assumes that all inputs and outputs are 
asserted high. This function is 

C = (A + B ) = AB (4.2.5) 

which is the ‘WOT of the OR of A and B or NOR. Similarly for the 
NAND, whose function, assuming that all inputs and outputs are asserted 
high, is 



C = (AB) = A + B (4.2.6) 

It is important to note, however, that if the output is assumed to be a logical 1 
when low while the inputs are taken as a 1 when high, then the logical 
functions implemented in the two cases are the OR and the AND, respec- 
tively. 

It will be useful later to be able to convert between physically equivalent 
mixed-logic AND and OR symbols as done in Figure 4.2.9. The general 
conversion process is easily accomplished by use of the following rule: 



Rule 2 

mixed-logic To convert a mixed-logic AND gate symbol to a physically equivalent mixed- 

logic OR gate symbol, change the AND symbol to an OR symbol, place 
bubbles on all signal lines in the OR symbol that did not have bubbles in the 
AND symbol, and remove all bubbles on signal lines in the OR symbol that 
had bubbles in the AND symbol. Conversion of a mixed-logic OR to a mixed- 
logic AND is done in exactly the same manner. 



As an example, Figure 4.2.10(a) shows a three-input mixed-logic AND gate 
symbol that is to be converted to a physically equivalent OR gate symbol. 
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(a) (b) 



Figure 4.2. 10 Two physically equivalent gate symbols: (a) mixed logic AND gate 
symbol; fb) OR symbol physically equivalent to part (a). 



Applying rule 2 to this AND gate results in the OR gate symbol of Figure 
4.2.10(b). We can easily verify that these two symbols represent exactly the 
same physical device by constructing a phy sical truth table. We do this by 
observing that the output of the gate shown in Figure 4.2. 10(a) is low if inputs 
A and B are high AND input C is low. The resulting physical truth table is 
shown in Figure 4.2.11(a). The corresponding table for the OR gate shown in 
Figure 4.2.10(b) is derived by observing that the output D is high if either A is 
low OR B is low OR C is high. The resulting physical truth table is shown in 
Figure 4.2.11(b). Since these two tables are identical, the two devices must 
be the same physically even though the logical behavior of one is an OR and 
that of the other is an AND. 

4.2.3 Synthesis of Switching Functions 
Using Mixed Logic 

Suppose we are given a switching function such as 

Z = EFiAB + C + D) + GH (4.2.7) 

and are asked to design a gate network that implements the function using 
only NAND gates and NOT gates (level shifters). Further assume that all 




(a) (b) 



Figure 4.2.1 1 Physical truth table for the gates of [a) Figure 4.2.10|aJ and |b) 
Figure 4.2. 1 0(b). 
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Figure 4.2. 1 2 Result of synthesis step 1 , which yields the function Z - 
\AB + C + D)EF -r GH. 



signals are asserted high. Our job now is to carry out a design and draw the 
circuit diagram in a manner that indicates the exact logical form of the 
equation. The design procedure, starting with an equation, is very straight- 
forward and may be summarized by the following steps: 

Step 1. Ignoring logical complementations, lay out a circuit implementing 
the equation with AND and OR gates only. The result for this exam- 
ple is shown in Figure 4.2.12. 

Step 2. Affix “bubbles,” or assertion-level indicators, to each gate to pro- 
duce the physical gate required by the problem constraints. In this 
case, NANDs are required. Figure 4.2.9(a) shows the two equivalent 
symbols that can be used for this gate. Figure 4.2.13 shows the result 
of this step. 

Step 3. Add level shifters as necessary to either create or remove logical 
complementations. Figure 4.2.14 shows the result of this final step. 




Figure 4.2. 1 3 Result of synthesis step 2, which yields the function Z = 
f AB + C + D)EF + GH. 
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A second example will further illustrate this process. Suppose that we 
are given the function 



f(a, b, c) - (a + bc)(ac + be) (4.2.8) 

and told that the output,/, and input, a, are asserted low. Inputs b and c are 
then assumed to be asserted high. Further, suppose that we are allowed to 
use NANDs, NORs, and NOTs in our design. The implementation of Equa- 
tion (4.2.8) then starts by applying step 1. The result is shown in Figure 
4.2.15. Notice that all complementations have been ignored here. 

The application of step 2 requires that we select a gate type. Since the 
output,/, is asserted low, we will select a NAND as the output gate so that 
there is a match between the gate output and the signal line,/. Since we are 
not constrained to the use of a single gate type, we can select the rest of the 
gates so that the resulting implementation yields a function as close as possi- 
ble to that of Equation (4.2.8). Figure 4.2.16 shows the resulting circuit after 




Figure 4.2. J5 Result of synthesis step 1 applied to Equation (4.2.8). 
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applying step 3. Notice in this realization that the complementation of the 
term (ac + be) is obtained by the mismatch between the output of NOR gate 
1 and the input to NAND gate 2. The reader should determine how this 
realization changes if only NANDs and NOTs are used. 

If one examines the TTL data books, one will observe that in addition to 
NANDs, NORs, and NOTs, there are also AND and OR gates, although not 
in as great a variety. A logical question, then, is, If such gates are available, 
why should one be concerned with NANDs and NORs — why not implement 
everything using AND, OR, and NOT gates? The primary reason stems from 
the fact that computers and their related memories and peripherals generally 
require a large number of signals that are asserted low (i.e., that cause some 
significant action to occur when low). In addition, the NAND and NOR gates 
are generally faster than AND and OR gates. Finally, the NAND gate (and 
also the NOR gate) is a universal gate in that all functions can be imple- 
mented with this gate only (refer to Problems 3.5, 3.6, 4.7 and 4.8). For these 
reasons, implementations of switching functions using NANDs, NORs, and 
NOTs are usually preferable to implementations using ANDs, ORs, and 
NOTs. 



4.2.4 Converting Ill-Formed Circuits 
to Standard Form 

It would certainly be nice if everyone designing digital systems in the real 
world would adhere to the symbology usage just described, since it would 
certainly make schematic diagrams easier to read, understand, and maintain. 
In fact, most integrated circuit manufacturers and original equipment manu- 
facturers (OEMs) do use the symbology presented above. Unfortunately, 
others do not. In many textbooks, technical periodicals, and hobby maga- 
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ill-formed 
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B 

Figure 4. 2 . 1 7 l ll-formed circuit. 



zines, one may find circuits drawn as shown in Figure 4.2.17, for example. 
We will refer to circuits like this as being ill-formed. The difficulty of analysis 
is obvious: if an oscilloscope is connected to Z, what conditions of voltage 
levels on A, B, C, D, E, and F will cause Z to be a high voltage (or did the 
designer want it to be a low voltage in the first place?)? Asked another way: 
What switching function of the primary input variables is Z, and what func- 
tion did the designer want to implement? The analysis can clearly be earned 
out, but it is complicated by the fact that there are assertion-level mis- 
matches on almost every line! De Morgan’s theorem will have to be applied 
repeatedly to such circuits to answer the question, and this is a process 
highly susceptible to error. 

What is needed for the analysis of ill-formed circuits like that shown in 
Figure 4.2.17 is a simple procedure to redraw the circuit so as to make it 
readable. Fortunately, this is quite straightforward. To illustrate the proce- 
dure, assume that all signals in Figure 4.2.17 are asserted high. The proce- 
dure is as follows: 

Step 1. Convert the gate that generates the output to a. physically equivalent 
gate so that no assertion-level mismatch occurs at the output. In the 
case at hand, we need to convert the OR symbol at the output to a 
physically equivalent AND symbol so as to remove the logical mis- 
match at the output. The result of this step is shown in Figure 4.2.18. 
Step 2. Convert the gate symbols driving the output gate so that no level 
mismatches occur between the gates. In this case, no mismatches 
occur, and so no change is necessary. 

Step 3. Continue on succeeding levels converting the gate symbols so that 
mismatches in assertion levels are eliminated or minimized. Note 
that no physical gate can be changed or added, since this would 
change the original physical circuit. Figure 4.2.19 shows the result of 
this step. 
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C(H) 




5(H) 



Figure 4.2. 1 8 First-level conversion of Figure 4.2. 1 7. 

The principal objective of this process is to move the mismatches as 
close to the inputs as possible. Since expressions implemented at various 
points in the circuit are simpler as we get closer to the inputs, any application 
of De Morgan’s theorem will be easier if this is done. We will refer to circuit 
diagrams drawn in this fashion as being given in standard form. It is now 
easy to determine that the logical function implemented by the original cir- 
cuit is 



Z = A[B + CD(F + E)} (4.2.9) 

4.2.5 Some Notes on Other Symbol Usage 
and Other Standards 

The symbols used here are those of MIL-STD-806B. Although the H and L 
tags on the signal lines are not a part of standard 806B, they are used exten- 
sively in industry. Unfortunately, the literature, including the semiconductor 
manufacturers, does not use the tagged symbols to any great extent. Rather, 
the usual usage is to use a complementation indicator (usually an overbar) to 
indicate an asserted low signal and to use no tag to indicate an asserted high. 



C(H) 




5(H) 



Figure 4.2. 1 9 Readable circuit in standard form equivalent to the circuit of Fig- 
ure 4.2. 17. 
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Figure 4.2.20 

Exclusive-OR gate. 



Thus 



A(L) = A 



and 



A(H) = A 

Although most IC houses use this convention, only a few, Texas Instruments 
included, remove any possible ambiguity by specifying their devices’ behav- 
ior with a physical truth table and not a table of Is and Os. 

There are two other symbols that are part of standard 806B and appear 
commonly in the literature which have not, as yet, been discussed. The first 
is the exclusive-OR symbol, shown in Figure 4.2.20. The logical function 
realized by this symbol is 

C = A@B = AB + AB (4.2.10) 

“Bubbles” may appear in this symbol in exactly the same way as with any 
other gate symbol and carry the same physical meaning as before. The sec- 
ond symbol not mentioned thus far is actually two: the wired OR and wired 
AND. Figure 4.2.21 shows these two symbols. Actually, these symbols do 
not represent gates at all! They represent a logical function generated by 
physically soldering the outputs of two circuits — outputs A and B or outputs 
D and E — together to form a single signal, called C or F, respectively. These 
connections occur most frequently on devices having an “open-collector” 
output. An open-collector output is just the collector voltage of a transistor 
having an uncommitted collector. Figure 4.2.22 shows two such gates con- 
nected together in this fashion. It is easy to see that C will be a high voltage, 
+5 V, if both transistors A and B are off— the AND operation. Alternatively, 

A i D , 




8 1 E 



Figure 4.2.2 1 "Wired" OR and AND symbols. 




Section 4.2 Gate Symbology 



111 



+5 V 




Figure 4.2.22 

Two open-collector gates connected in a 
wired-logic arrangement. 



C will be a low voltage, or at ground, if either transistor A or transistor B is 
on — the OR operation. The symbol selected to depict this wired logic should 
be based on the function actually wanted by the designer. 

The symbol used for the wired OR operation, unfortunately, does not 
follow the standards which we have just described. The appropriate symbol 
for such an interpretation would be as shown in Figure 4.2.23. Such a symbol 
is not used, however. 

Other standards do exist, and so also do other forms for the symbols. 
Notable is the current IEEE Std. 91-1973 (ANSI-Y32.14-1973). This stand- 
ard modifies the interpretation of the bubble in a somewhat confusing, 
although consistent, way and adds a set of gate symbols in addition to those 
given above. The Appendix describes some of these changes. This standard 
has not been generally accepted by industry. It is for this reason that we do 
not use it in this text. It is unfortunate that acceptance of this standard has 
been slow, since it very dearly shows both the physical and the logical 
behavior of a design. 

Both the symbology standard used here and Std. 91-1973 are well suited 
for describing small to medium-sized systems. As integrated circuits become 
more complex, however, this simple symbology becomes inadequate. What 
is needed is a symbology which clearly describes the function of such large- 



B 




Figure 4.2.23 

Appropriate, but unused, symbol for the wired OR. 
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□ 4.3 

SWITCHING CIRCUIT DESIGN EXAMPLES 

The design of computers and other large-scale digital systems is usually 
accomplished by breaking the system up into small portions, each of which is 
designed separately. By approaching the problem in this way, each compo- 
nent can be individually tested. Thus, when the final system is assembled, 
the likelihood of its functioning properly the first time is tremendously in- 
creased. The design of each of the smaller subsections follows a very well- 
defined procedure. First, the problem is specified by describing the specific 
function and operation of the subsystem. This specification, usually in writ- 
ten form, is then translated into a set of switching expressions which are 
implemented using gates and other digital components. The schematic dia- 
grams that result are then used to build the component and finally test it for 
proper operation. In what follows, we will illustrate this design procedure by 
looking at a number of examples. 

4.3.1 Binary Adder 

The heart of any computer is clearly its central processing unit (CPU), which 
is made up of circuitry that can perform arithmetic and logical operations on 
information. Among the arithmetic operations, addition is the most used. 
What we would like to do in this section is to design a piece of hardware that 
can be used to add two signed 2’s complement numbers. 

We can think of the adder as being a logic network having two sets of 
inputs, each consisting of n bits, and an (n + l)-bit output, where the extra 
output bit is used to give the carry generated by the addition. For any reason- 
able value of n, we quickly see that a truth table representation for the n-bit 
adder is not feasible. For example, if n = 8, a reasonable size for most 
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scale circuits. Such a notation has recently been introduced as IEEE Std. 91- 
1984. In this standard, the symbols are generally uniform, rather than distinc- 
tive, as used here, and the functions of the inputs and outputs are indicated 
by a special notation termed dependency notation. Since we will be dealing 
with rather simple circuits throughout this text, we will not introduce this 
standard here. A basic introduction to this new symbology and to depend- 
ency notation is given in the Appendix. Further references can be found in 
the bibliographies at the end of this chapter and at the end of the Appendix. 
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C, A, B, S, C„, 

0 0 0 0 0 

0 0 i I o 

0 10 10 

0 I I 0 I 

1 0 0 I 0 

10 10 1 

l l 0 0 i Figure4.3.1 

I l i I I Truth table fora 1 -bit binary adder. 

microprocessors, there will be 16 bits on the input — 8 bits for each of the two 
numbers— meaning a truth table with 2 16 = 65,536 entries. Obviously, this 
approach leaves something to be desired. However, if we change our point of 
view and consider the process to be one of adding two 1-bit numbers, the 
problem becomes very simple, indeed. 

Let us consider what happens in the addition of two n-bit numbers at the 
/th bit position. First, we add the two bits of the given numbers. A, and B,. 
Once this is done we must add to this result any carry that came from the 
next lower-order bit addition (i.e., the addition of A,_] and B t - 1 ). The result of 
this addition will give a single bit for the sum and a single bit for the carry into 
the next higher position. Figure 4.3.1 gives a truth table for this single-bit 
addition. This table was first derived in Section 2.3. In this table, C, is the 
carry in and C i+ i is the carry out of the ith bit position, and S-, is the sum bit 
for the /th position. 

By plotting 5, and C f+1 in Karnaugh maps and finding a minimal SOP 
expression for each, we obtain the equations 

Si = AiBiCi + AjBjC, + AjBiCi + A,B,C, , . . 

(4.3.1) 

C.-+] = AiBi + AiCi + B,Cj 



We could, of course, implement these equations directly in a “two-level” 
circuit. 5 Such an implementation would require five gates for 5, and four 
gates for C l+( . However, by factoring S h we find, from the following equa- 
tion, that it is equal to the Exclusive OR of A, , B,, and C,\ 

Si = C A^i + aMc, + C AiB, + AiBiCi (4 3 

= A; ® B, © C, 



5 The term “two-level" refers to using a group of ANDs at the input level to implement the 
product terms, then ORing these at the second level to generate the output. 
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Si can now be implemented using two Exclusive OR gates. C,+i can be 
factored as well to produce a result which will also yield a simpler implemen- 
tation. This is done as follows: 

C M = AtBi + AiBiCi + A ; R,C, 

= AjBi + (AjBi + AiBdQ (4-3.3) 

= AtBi + (A, © Bi)Ct 



In this case, only three additional gates are required to implement C,+ 1 , since 
the Exclusive OR of A, and B, has already been implemented. The resulting 
gate realization is shown in Figure 4.3.2. 

In this realization we may note that the first exclusive OR generates the 
sum of A and B, while the second adds in the carry. Since the Exclusive OR 




S„ S i S Q 



Figure 4.3.3 Iterative network of full adders that realizes an r>-bit adder. 





half adder 
full adder 
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algorithm 
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gate, in each case, is performing “half” of the addition task, this gate is 
sometimes referred to as a half adder. The circuit shown in Figure 4.3.2 is 
then referred to as a full adder. 

Now, our original problem was to design an n-bit adder, not just a 1-bit 
adder. By cascading these full adders so that the carry out from one becomes 
the carry in to the next higher bit position, adders of arbitrary length can be 
created. This iteration of circuit elements is shown in Figure 4.3.3. Note that 
for proper operation the carry in to the least significant bit is set to a 0 by 
tying it to a low voltage; specifically, ground. 

As we shall see in the next chapter, the “propagation” of a carry 
through this sequence of adders can take a great deal of time and thus slow 
down the addition process. One solution to this problem is to design 2-bit or 
4-bit full adders, a process more complicated than the design of 1-bit adders 
but still tractable. These multibit adders can then be cascaded in the same 
manner as for the single-bit adder to produce an n-bit adder. If we assume 
that it takes as long to propagate a carry through one 4-bit adder as it does to 
propagate through a 1-bit adder, then the effective time to perform the addi- 
tion process can be reduced by a factor of 4. We will discuss this design in 
Section 4.4. 



4.3.2 Comparison of Two Binary Numbers 

Another operation that is performed quite often in computation is that of 
comparing two numbers. What we want to do is to determine whether num- 
ber A is greater than, less than, or equal to number B. One way of doing this 
is to subtract the two numbers and look at the result. Another approach, and 
the one we will take here, is to design a specific circuit which makes this 
comparison directly. 

The algorithm, or procedure, for performing this comparison can be 
described as follows. Given the numbers A and B, we begin the comparison 
by looking at the high-order bits. If the high-order bit of A is 1 and that of B is 
0, then A is greater than B. If the high-order bit of B is a 1 and that of A is a 0, 
then A is less than B. However, if the high-order bits are the same, either 
both 0 or both 1, we must look at the bits of the next higher order. By 
continuing this bit-by-bit comparison from left to right, we will eventually 
determine the ordering of the two numbers. 

Using this algorithm, we can design a 1-bit comparator and then, by 
cascading n of these, produce an n-bit comparator, just as we did in Section 
4.3.1 for the n-bit adder. Each 1-bit comparator must have four imputs and 
two outputs. The four inputs are, first, the two bits to be compared. A, and 
B , ; then a bit E in that indicates whether the bits to the left of the /th bit are all 
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E„ 0 m A< B; | g _, 



0 0 - - 0 0 

0 1 - - 0 1 

1 0 0 0 1 0 

10 0 10 0 
10 10 0 1 
10 111 0 



Figure 4.3.4 

Truth table for a I -bit comparator. 



equal; and a bit G in that tells whether it has already been determined that A is 
greater than B. The two outputs are the “equals” and “greater than” indica- 
tors that exist after the ith bits are compared. We will refer to these as £ ou , 
and G out , respectively. Figure 4.3.4 shows the truth table for this circuit. 

Note that if £ in and G in are both 0, then A has already been determined 
to be less th in B. Thus the ith bits are irrelevant, or don’t cares. The same 
situation o urs if G in = 1 and £ in = 0, except that now A is greater than B. 
Only when all of the higher-order bits are the same (£„ = 1 and G in = 0) do 
the ith bits matter. Observe also that £ in = G in = 1 is not possible, since this 
would imply that A was equal to B and, simultaneously, greater than B. 
Plotting this truth table in the Karnaugh map of Figure 4.3.5, we arrive at the 
following design equations: 



£ out = E m AiBi + E m AjBj 

' = EJAiBi + AEd 

= £j n (A, <$)£,-) 

Gout = G in + EmAiBi 



(4.3.4) 




Figure 4.3.5 Karnaugh map from Figure 4.3.4. 
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A,- B, 





(b) 

Figure 4.3.6 Design of an n-Dit binary comparator: (aj impfementation of the 

i-bit comparator; fb) iterative array of 1-bit comparators forming an 
n-bit comparator. 



A little thought shows that these equations make a great deal of sense, 
since the first is 1 only if A, = B t and every pair of bits to the left are equal, 
and the second is 1 either if A has already been determined to be greater than 
B or if that determination occurs at this bit position. Figure 4.3.6(a) shows 
the 1-bit comparator implementation, and Figure 4.3.6(b) shows how these 
are cascaded to produce the n-bit comparator. The output from the least 
significant comparator gives the final comparison result: E and G. 

4.3.3 Digital Multiplexers and Demultiplexers 

It quite often happens, in the design of large-scale digital systems, that a 
single line is required to carry two or more different digital signals. Of 
course, only one signal at a time can be placed on the one line. What is 
required is a device that will allow us to select, at different instants, the 
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s, s„ / s /, /, / j r 



o 0 - - - 0 0 

0 0 - - - 1 I 

0 I - - 0 - 0 

0 1 - - 1 - 1 

1 o - 0 - - 0 

1 0 - 1 - - I 

1 ] 0 - - - 0 Figure 4.3.7 

j i j _ _ _ i A 4-line to I -line multiplexer/selector. 



signal we wish to place on this common line. Such a circuit is referred to as a 
multiplexer or data selector. 

Assume that we have four lines, I 0 , I\, h, and / 3 , which are to be 
multiplexed on a single line, T. Since there are four inputs, we will need two 
additional inputs to the multiplexer to select which of the / inputs is to appear 
at the output. Call these select lines and So. Figure 4.3.7 shows a truth 
table for the resulting multiplexer. We can write the equation for Y directly 
from this table: 



Y = l 0 SiSo, + I\S\So, + IzSiSo, + / 3 SjSo (4.3.5) 

Figure 4.3.8 shows the resulting gate implementation, assuming that all in- 
puts and outputs are asserted high, and an appropriate symbol for the multi- 
plexer. 6 We shall see in Section 8.4 and Problems 4.16 through 4.18 that 
multiplexers can also be used to directly implement simple switching func- 
tions. 

The principle function of the multiplexer, or simply MUX, is to select 
one of several signals to be transmitted on a common wire. A device that 
performs the reverse task of connecting the common wire to one of several 
other signal lines is called a demultiplexer, or DEMUX. Figure 4.3.9 shows a 
truth table for a 1-line to 4-line demultiplexer. In this table the common input 
line is E and the select lines are S : and S 0 . The outputs are T 3 , Y 2 , T t , and T 0 ■ 
It is easily seen from this table, or simply from the word statement of the 
problem, that 



To = /Si S 0 
T, = /SiS 0 
Y 2 = /S,So 

r 3 = /s,s 0 



(4.3.6) 



The Appendix gives an IEEE standard symbol for this multiplexer, or MUX. 
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Figure 4.3.8 Gate implementation |aj of the 4-line to I -line multiplexer/selector 
of Figure 4.3.7 and its schematic symbol fbj. 



Figure 4.3.10 shows the implementation of this device and an appropriate 
symbol for the demultiplexer. 7 

The demultiplexer has another application that is perhaps more com- 
monly encountered than the demultiplexing function. Notice from Equations 
(4.3.6) that if / = 1, the output whose subscript corresponds to the decimal 
equivalent of the select lines will also be 1. Thus we can decode the 2-bit 
input appearing on these select lines, (Si, So). An example of the use of this 
might be determining when a counter reaches a certain value so that some 
special action might take place (counters are discussed in Chapter 5). Be- 
cause of this decoding ability the demultiplexer is also commonly referred to 
as a decoder. 



4.3.4 Priority Encoder 

In any computer system, there are a number of I/O devices that can commu- 
nicate with the central processor. Each of these devices may request the 
attention of the central processor at any time. For example, when a user 

7 Figure A.3.3 gives the IEEE standard symbol for this device and presents an alternative 
form for the truth table which is more concise than that of Figure 4.3.9. 
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1 1 0 0 0 0 0 Figure 4.3.9 

1 1 1 | 1 0 0 0 Truth table for 1 -line to 4-Iine demultiplexer. 

strikes a key on the computer’s keyboard, the computer must respond by 
reading the value of the key depressed or else the information may be lost. 
Obviously, the processor cannot handle all of the requests simultaneously. 
There is a need, therefore, to somehow queue up the various requests and 
handle them one at a time. However, not all of the requests for service to the 
central processor have the same degree of urgency. For example, the human 
pressing a key on the keyboard will hold that key down for a hundred milli- 
seconds or longer, whereas data found on a disk drive will be present for only 
a few microseconds or less. Obviously, if both requests are made at the same 
time, the disk needs to be taken care of before the key is read, since its 
information will vanish long before the human’s finger is removed from the 
priority key. Thus, some mechanism is needed to identify the priority of the request 

for service. The basic idea is that each device which can request the service 
of the central processor is assigned a priority level. Then when a device 




(a) 

Figure 4.3.10 Gate implementation (a) of a I -line to 4-line demultiplexer/de- 
coder and its schematic symbol |b). 
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Figure 4.3.11 

0 0 0 l I 0 0 I Truth table for a four-level priority encoder. 

wants service, it makes the request by asserting a line corresponding to its 
priority level. A piece of hardware, called a priority encoder, then deter- 
mines which line is requesting service at the highest priority and generates a 
number corresponding to this priority. 

Let us consider the design of a four-level priority encoder. Let the 
request lines be P Q ,P i ,P 2 , and P 2 , where P 3 has the highest priority. Since 
there are four levels, we need two outputs to encode the various requesting 
levels. Let these two outputs be F, and F 0 . If we encode (F,, F 0 ) from (00) to 
(1 1) to represent the requests on lines Pq to P 3 , respectively, we will need one 
more output, R, to differentiate between no request and a level 0 request. 
Figure 4.3.11 shows the truth table for this priority encoder. 

The necessary design equations can be derived directly from this truth 
table or by plotting the table in a Karnaugh map. In either case, it is easily 
verified that these equations become 

F, = Pi + Pj 

Y 0 = P 3 + P 2 P, (4-3.7) 

R = Pi + P 2 + P\ + Pq 

If we assume that the inputs and the output R are asserted low, which is the 
usual case for this function, and that the F, and F 0 are asserted high, then the 
resulting realization becomes as shown in Figure 4.3.12. 




Figure 4.3.12 Implementation of the four-level priority encoder. 
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□ 4.4 

COMBINATIONAL LOGIC DESIGN 
USING ROMs AND PLAs 

At the end of Section 4.3. 1 , we discussed the possibility of designing a 2- or 
4-bit adder which could be cascaded to form an n-bit adder, as was done for 
the 1-bit adder designed there. The advantage of such a multibit adder is that 
it can speed up the addition process. Let us consider how we would carry out 
the design of the 2-bit adder. This circuit would have five inputs, two for the 
number A, two for the number B, and one for the carry in. It would also have 
three outputs, two for the sum bits and one for the carry out. Let Aj and A 0 be 
the bits of one of the numbers and let B x and B 0 be the bits of the second. The 
sum bits will be represented by Si and S 0 . Finally, let C m be the carry in and 
C out be the carry generated by this addition. The truth table for this adder can 
be organized as two tables, one for Cj„ = 0 and one for Q n = 1. This is shown 
in Figure 4.4.1. 

Either by plotting the outputs in five-variable Karnaugh maps or by use 
of the Quine-McCluskey algorithm, the equations for the sum bits and the 
carries can be derived. These equations are 



So — CjnAojBo 4" C^AqBo + C- m AoBo 4" Cj n Ao5o 

S, = C m (A,Ao5, + A, B X B 0 + A,A 0 R, + A,B,B 0 ) 

+ Ci D (A]B x Bo + _A]AqB\ + A x B]Bq_+_A x AoB\) 

+ A X A 0 B X B 0 + A X A 0 B X B 0 + A,A 0 fl,Ro + A X A 0 B X B 0 (4.4.1) 
C out = A 0 B X B 0 + A,A 0 5 0 + C, n B x B 0 + C in A 0 5, + C in A x B 0 
+ Cj„AiAo + A)2?i 



It will obviously take a large number of gates to implement these equations. 
The implementation of a 4-bit adder will be even more complex. What we 
would like is a single device that could be used to implement a wide range of 
complex functions. Fortunately, two such devices exist; read-only memories 
(ROMs) and programmable logic arrays (PLAs). 



4.4.1 Read-Only Memory (ROM) 

We can think of a read-only memory as a table or dictionary that contains 
information. To look something up in this table we need a pointer or an index 
that identifies the location of a particular piece of information. This index is 
address referred to as an address. This address is numeric and is generally selected to 

ROM be uniquely associated with a particular piece of information. Most ROMs 
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Figure 4.4.1 Truth table for a 2-bit adder. 



store information in 8-bit, or byte, quantities. Figure 4.4.2 shows a symbol 
for a ROM that stores 32 bytes of information. When the address lines, 
A{4 : 0>, 8 take on some value, say 00001, then the information stored in the 
ROM corresponding to this address will appear on the output lines, D{7 : 0>. 

To see how such a device can be used to implement a switching func- 
tion, and in particular the 2-bit adder, consider the truth table of Figure 4.4. 1 . 
The inputs to the adder represent minterms for the individual output func- 
tions. These minterms identify when a particular output function is 1 and 
when it is 0. Thus, if the values of the function are stored in the memory, then 
the inputs can be thought of as addresses which point to these values. Al- 
though ROMs usually store information in 8-bit bytes, we may associate a 
particular output function with a particular bit in the byte. Thus, letting D( 0) 
correspond to the carry out, C out , and D( 2) and £>(1) correspond to the sum 
bits, 5, and S 0 , respectively, we can make the read-only memory implement 
the 2-bit adder if the information stored is as shown in the abbreviated table 
of Figure 4.4.3, which is just the information found in the truth table for the 
adder given in Figure 4.4.1 . 

Note, in this example, that we could implement five more functions of 
the input variables by using the ROM data lines that are not being used for 
the adder function. For example, we might let D( 3) be 1 whenever the num- 
bers A and B were equal. In a similar fashion we might also implement the 
“greater than” and “less than” signals as well. 

8 The notation A<4 : 0) is a shorthand notation meaning that there are five lines, labeled A(4), 
A(3), A( 2), A(l), and A(0), with A(4) being the most significant and A(0) the least significant. 
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This example illustrates that read-only memories can be used to imple- 
ment very complex switching functions by storing in the ROM the value of 
the function corresponding to the assignments of the input variables. Thus, 
functions implemented by ROMs need not be minimized, since we are basi- 
cally implementing the function from the minterm (or maxterm) list (i.e., we 
are implementing the function in canonical form). 

Many different types of read-only memory exist. Some have the infor- 
mask- mation stored in them at the time they are manufactured. These are said to be 

programmed mask-programmed. Others can be programmed, or loaded with the required 
information, by the user. Such read-only memories are referred to as pro- 
PROM grammable read-only memories (PROMs). Programming of these ROMs 

generally requires special equipment to erase, if possible, any information 
that might be in the ROM and then store any new information required. 
These ROMs come in basically two types. One type cannot be erased and 
EPROM therefore can be programmed only once. The second type, erasable pro-\ 



Address lines I R°M data output lines 

' Not used 




Figure 4.4.3 Contents of the ROM that implements the 2-bit adder of Figure 
4.4.1. 
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grammable read-only memories (EPROMs), can be used over and over again 
to store many different data sets. Generally, the process of erasing involves 
erasing every byte in the memory and usually takes several minutes. Once 
programmed, information can be read from EPROMs at computer speeds. 
We might say that EPROMs are “mostly” read-only memories. ROMs also 
come in a great variety of sizes. Modern EPROMs range in size from 4K 
(4096) bytes, denoted as 4K x 8, to 128K x 8 and larger. The nonerasable 
PROMs are generally very small, on the order of up to a few hundred bytes. 
The number of variables that a function can have and be implemented with 
ROMs is limited by the number of address lines on the ROM. Thus, functions 
of up to 16 variables can be implemented with a 64K x 8 EPROM. 



4.4.2 Programmable Logic Arrays (PLAs) 

Another device which can be used to implement complex functions of many 
PLA variables is a programmable logic array (PLA). Figure 4.4.4(a) shows a 

simplified schematic for a PLA. A PLA consists of a set of AND gates, each 
input of which can be connected to any input of the PLA itself or the comple- 
ment of any input, and a set of OR gates, whose inputs can be connected to 
any of the AND gate outputs. The outputs of the OR gates serve as outputs of 
the device. In this diagram, a single line is shown at the input of each of the 
AND gates. This line is used to represent n lines, each of which can be 
connected to a different device input or its complement. A similar situation 
exists for the OR gate inputs. This is shown in Figure 4.4.4(b) and (c). Thus 
arbitrary functions of the input variables can be implemented in sum of 
products (SOP) form with the PLA. 

Consider, for example, the implementation of the adder outputs S 0 and 
C ou , using a PLA having 5 inputs, 1 1 product terms, and 2 outputs. In order to 
implement these functions, we need to program the PLA. Programming a 
PLA consists of making connections between the device inputs— C in , A, , A 0 , 
B ]t and B 0 , in this case— and the AND gate inputs, as well as between the 
AND gate outputs, forming the product terms, and the OR gate inputs. The 
programming required connections are shown in a programming diagram . A programming 
diagram diagram is created by placing an X at the intersection of two lines that are to 

be connected. Thus, from the equations for S 0 and C in given in equation 
group (4.4.1), we see that we need four product terms to form S 0 and seven 
product terms to form C out . Note, in this case, that S n and C out do not share a 
common product term, and thus a total of eleven AND gates are necessary 
for their implementation. Figure 4.4.5 shows the programming diagram used 
to implement these two functions. In this diagram, for example, we see that 
So is formed by ORing the outputs from the AND gates labeled a, b, c, and d. 
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(b) (0 



Figure 4.4.4 Programmable logic array: (a) simplified diagram; (b) AND inputs; 

(c) OR inputs. 

This is indicated by the X’s at the intersection of these AND gate outputs and 
the inputs to the OR gate that forms 5 0 . The product term formed by AND 
gate a, C in AiJ? 0 , ^indicated by the X’s at the intersection of the input to this 
gate with inputs C in , Ai and B 0 . The other product terms are indicated in a 
similar manner. 

PLAs, like ROMs, exist in a multitude of different types. At present 
they are available in mask-programmed versions as well as in one- time-only 
programmable and erasable programmable versions. Sizes of these devices 
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also vary greatly, but the devices usually have more than eight inputs and 
outputs. A typical example is the “field-programmable logic array” (FPLA) 
produced by Signetics, the 82S100, which has 16 inputs, 8 outputs, and 48 
product terms. The number of product terms that can be implemented is the 
important factor in the use of a PLA device. Since the number of product 
terms in any such device is limited, it is important that the function to be 
implemented be in minimal sum of products form. 




Figure 4.4.5 PLA programming diagram for the 2-bit adder outputs So and C out - 
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4.4.3 Some Comments on Implementation 

The examples shown above clearly indicate that the implementing of switch- 
ing functions using a PLA requires a somewhat different strategy from imple- 
menting them using a ROM. In the case of the ROM, we are actually imple- 
menting the truth table for the function and thus we need to express the 
function in terms of its minterms or maxterms, usually in the form of an 
index list. In the case of the PLA, however, we are implementing general 
product terms, not just minterms. Since PL As have a limited number of 
AND gates, we need to find minimal SOP forms for the functions to be 
implemented. This requires the application of simplification procedures such 
as those described in Section 3.5 and, generally, the multiple-output simplifi- 
cation procedures given in Section 3.5.6. 

Another important difference between ROMs and PLAs is that of 
speed. As we shall discuss in the next chapter, physical devices have associ- 
propagation ated propagation delays. This is the delay from the time an input changes 

delay until the output changes. It is generally true that PLAs have much shorter 

propagation delays than ROMs and so are best used in situations requiring a 
high speed of operation. ROMs, on the other hand, are usually less expen- 
sive. 



ANNOTATED BIBLIOGRAPHY 

An excellent discussion of the mixed-logic symbology presented in this chap- 
ter can be found in the books by Fletcher and by Prosser and Winkel. Some 
discussion can also be found in Kostopoulos and Wakerly. The books by 
Kostopoulos, Wakerly, and Fletcher also discuss at length the various tech- 
nologies used in integrated circuits today, including a discussion of “wired 
logic” (e.g., open-collector logic). 

Fletcher, W. I., An Engineering Approach to Digital Design, Prentice-Hall, 
Englewood Cliffs, N.J., 1980. 

Kostopoulos, G. K., Digital Engineering, Wiley-Interscience, New York, 
1975. 

Prosser, F. P., and D. E. Winkel, The Art of Digital Design: An Introduction 
to Top-Down Design, 2nd ed., Prentice-Hall, Englewood Cliffs, N.J., 1987. 
Wakerly, J. F., Digital Design Principles and Practices, Prentice-Hall, 
Englewood Cliffs, N.J., 1990. 




Annotated Bibliography 



129 



McCluskey explains in great detail the recent symbology IEEE Std. 91- 
1984 and uses it throughout his text. A short pamphlet by Mann gives a more 
formal definition of this new standard and a general discussion of its back- 
ground. 

Mann, F. A., “Overview of IEEE Std. 91-1984: Explanation of Logic Sym- 
bols,” Texas Instruments, Inc., Carrollton, Tex., Publ. SDYZ001, 1984. 

McCluskey, E. J., Logic Design Principles with Emphasis on Testable Semi- 
custom Circuits, Prentice-Hall, Englewood Cliffs, N.J., 1986. 

Many authors discuss the use of PLAs and ROMs in the implementation 
of switching expressions. Such logic is quite often referred to as programma- 
ble logic. Chapter 8 of Fletcher is an excellent source for a thorough discus- 
sion of this topic in which numerous examples are given. McCluskey’s text 
also describes the use of these devices, in Chapter 6. Other sources for 
coverage of this topic are the books by Mano, Dietmeyer, and Hill and 
Peterson. 

Dietmeyer, D. L., Logic Design of Digital Systems, 2nd ed., Allyn & Bacon, 
Boston, 1978. 

Hill, F. J., and G. R. Peterson, Introduction to Switching Theory and Logi- 
cal Design, 3rd ed., Wiley, New York, 1981. 

Mano, M. M., Digital Design, Prentice-Hall, Englewood Cliffs, N.J., 1984. 

One reference the reader should, without doubt, obtain is a digital inte- 
grated circuit catalog. These catalogs describe what devices are available, 
how they are packaged, and what their electrical characteristics are. TTL 
data manuals are readily available from electronics parts stores, computer 
stores, some bookstores, and the manufacturers themselves. TTL and 
CMOS devices are manufactured by most semiconductor firms today. Exam- 
ples are Texas Instruments, Inc., Signetics Corp., Motorola, Inc., and Na- 
tional Semiconductor, Inc. The student interested in “playing” with some of 
these devices can find sources of supply at various electronic hobby stores 
and in the ads found in electronics and computer magazines. Experiments 
using these devices and the associated equipment can be found in manuals 
such as those of Williams, Wakerly, and Teng and Malmgren. 

Teng, A. Y., and W. A. Malmgren, Experiments in Logic and Computer 
Design, Prentice-Hall, Englewood Cliffs, N.J., 1984. 

Wakerly, J. F., Logic Design Projects Using Standard Integrated Circuits, 
Wiley, New York, 1976. 

Williams, G. E., Digital Technology— Lab Manual, Science Research Asso- 
ciates, Inc., Chicago, 1977. 




130 



Chapter 4 Gates and the Design of Switching Circuits 



PROBLEMS 



4.1. For each of the gates shown in Figure P4. 1 : 

(a) Construct the physical truth table. 

(b) Construct the logical truth table. 

(c) Write an expression for the logical function implemented. 
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Figure P4.I 



4 . 2 . Construct alternative symbols physically equivalent to the gates shown in 
Figure P4.2. 




(a) (b) 



3D- 3D- 

(c) (d) Figure P4.2 



4 . 3 . Which gates in Problem 4.1 are physically equivalent? 

4 . 4 . Construct the physical and the logical truth tables for each of the circuits 
shown in Figure P4.4. 
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Figure P4.4 




4 . 5 . Write the function implemented by each of the circuits shown in Figure P4.5. 

4 . 6 . Suppose that an oscilloscope probe were placed on the output of gate A of 
Figure P4.5(a). What would the output of gate A look like if the inputs to the 
circuit are as shown in Figure P4.6? 

4 . 7 . One of the reasons that NAND gates are used so extensively in the design of 
digital systems is that they can be used, alone, to implement any given 
switching function. Assuming all inputs are asserted high, show how to use 
the two-input NAND gate shown in Figure 4.2.9(a) to implement the NOT, 
the AND, and the OR operations. 

4.8. Repeat Problem 4.7 using the NOR gate of Figure 4.2.9(b). 

4 . 9 . Repeat Problem 4.7 using the implication gate shown in Figure P4.1(c). 

4 . 10 . Not all gates can be used by themselves to implement all switching functions. 
That is, not all gates implement functions that are functionally complete as 
discussed in Problem 3.5. For example, the exclusive-OR is not functionally 
complete and therefore its gate implementation cannot be used alone to im- 
plement all switching functions. 

(a) What characteristic(s) must a function possess in order to be functionally 
complete? 

(b) Which of the 16 functions on two variables shown in Figure 3.4.5 are 
functionally complete? 

4 . 11 , Using only NAND gates, implement the following functions and show a 
schematic drawn in standard form. Assume that all inputs and outputs are 
asserted high. You may use gates having two, three, or four inputs in your 
designs. 

(a) /i(a, b, c) = ab + abc 

(b) gi(a, b, c, d) = ab(cd + cd ) 
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'1 r 



Figure P4.6 

4 . 13 . Repeat Problem 4.11 using only two input NAND gates. 

4 . 14 . Repeat Problem 4. 1 1 using only the implication gate shown in Figure P4. 1(c). 

4 . 15 . Redraw the circuits shown in Figure P4.15 in standard form and write the 
functions implemented by each. 

4 . 16 . Suppose that you are given the.4-line to Mine multiplexer of Figure 4.3.8 and 
are told to implement the function /(x, y, z) — xy + yz using only this circuit. 
Can this be done, and if so, how would you connect the asserted high inputs 
x, y, and z to the multiplexer to do the job? [Hint: Put the equation for/(x, y, 
z) in the form of Equation (4.3.5).] 

4 . 17 . Repeat Problem 4. 16 implementing the function g(x, y, z) - wxy + zxy. 

4 . 18 . Show how you could use two 4-line to l-line MUXs to implement the function 

h(w, x, y, x, z ) = wxy + (w + x)(yz + yz). 

4 . 19 . Show how you could use two Mine to 4-line decoders, shown in Figure 
4.3.10, to decode three bits. 

4 . 20 . Show how you could use a 4-line to Mine multiplexer and a 1-line to 4-line 
demultiplexer to create a circuit that could connect one of four lines to any 
one of four other lines. Give some examples where the ability to do this might 
be useful. 

4 . 21 . Design a circuit using NANDs, NORs, and level shifters only that takes a 4- 
bit BCD number as an input and produces a 4-bit excess-3-coded number as 
an output. Assume that the inputs are asserted high and the outputs are 
asserted low. 

4 . 22 . Add an output to Problem 4.21 that is asserted low if the input is not a legal 
BCD number. 

4 . 23 . You are to design a one-digit BCD adder as follows. There are to be nine 
inputs, eight of which represent the two 4-bit BCD digits and the ninth of 
which is a carry into the adder. The output is five bits: four for the BCD sum 
digit and the fifth for the carry out. Figure P4.23 shows the circuit symboli- 
cally. Assume that all inputs and outputs are asserted high. (Hint: You may 
want to use the adder of Figure 4.3.3 as part of your circuit.) 
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(a) Using onJy NANDs, NORs, and level shifters, design the circuit and give 
a correctly drawn schematic diagram for your design. 

(b) Given a 1024-byte ROM, indicate how you would program the ROM to 
implement the BCD adder. 

(c) Assume you can purchase single integrated circuits (ICs) having either 
four 2-input NANDs, three 3-input NANDs, two 4-input NANDs, one 8- 
input NAND, four 2-input NORs, three 3-input NORs, or six level shift- 
ers or NOT gates. Assuming that the price of each of these ICs is 15 cents 
and the price of the ROM is $5, which of your designs, (a) or (b), is 
cheaper? 

(d) Suppose that because of the cost of printed circuit boards, IC sockets, 
and the like, it costs an additional 50 cents per IC to implement either of 
your designs. Now which solution is the cheaper? 




4 . 24 . What would be the size specifications for a PLA that could be used to imple- 
ment the BCD adder of Problem 4.23? Give the number of inputs, outputs, 
and product terms required. 

4 . 25 . Design a circuit that accepts an 8-bit, signed 2’s complement number as its 
input and produces the 2’s complement of the number at the output. Your 
design must use only NANDs, NORs, and NOTs which are available in the 
IC packages described in part (c) of Problem 4.23. Show a schematic of your 
design drawn in standard form. [Hint: There are two approaches that you 
may want to consider. The first is based on the fact that the 2’s complement is 
the Is complement plus 1 . The second is based on the method of copying the 
rightmost zeros until reaching a 1 and then copying the complements of each 
bit, except the first 1 (cf. Section 2.4.1).] 

4 . 26 . Design an 8-bit subtractor that performs the operation A - B, where A and B 
are in signed, 2’s complement form. The result is to be an 8-bit, signed 2’s 
complement number with borrow. 

4.27. The dement in a computer that performs arithmetic and logical operations is 
referred to as an arithmetic/logic unit, or simply an ALU. In this problem you 
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are to design a simple ALU by extending your design of Problem 4.26 so that, 
in addition to subtraction, you can perform addition and the logical opera- 
tions of AND, OR, and exclusive-OR. Furthermore, your ALU is to be able 
to take the Is complement of either input. 

In your design you may use full adders, such as shown in Figure 4.3.3, 
MUXs or DEMUXs of either four or eight lines, plus NAND, NOR, and 
NOT gates. Your ALU design need not be cascadable. 

4.28. Design an overflow/underflow detector that produces a 1 if the addition or 
subtraction of two 8-bit numbers, such as in the ALU of Problem 4.27, pro- 
duces a result greater than can be accommodated by 8 bits. Draw a standard 
form schematic using only NAND, NOR, and NOT gates. 

4 . 29 . Design a circuit that multiplies a 4-bit number by the decimal constant 9. You 
may use any of the circuits discussed in the text or problems. {Hint: Note that 
9N — 8N + IN.) 

4 . 30 . Based on your designs for Problems 4.25 through 4.29, perform a cost analy- 
sis similar to that requested in Problem 4.23. 
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Sequential 

Circuits 




□ s.i _ 

INTRODUCTION 

Up to this point, we have dealt with switching networks whose outputs are 
functions only of the present input. It is possible for such networks to exhibit 
“memory,” in the sense that the outputs can be made functions of not only 
the present inputs, but also some set of past inputs as well. Such systems are 
termed sequential, since the outputs may be functions of a sequence of past 
sequential inputs. Basically, sequential circuits have memory because one or more of 

circuits the outputs are “fed back” to serve as inputs to the network. Thus the next 

output will, somehow, be a function of the present inputs and the last output. 
To understand how this can happen, we must first introduce time as a vari- 
able in the system. 

5.1 .1 Delay in Gate Networks 

We basically assumed, in our discussion of gates that a change in the output 
of the gate occurred at exactly the same instant of time that an input change 
occurred. This, of course, will not happen, since the gate is composed of 
electrical components that possess capacitance (among other things) to some 
degree. Since voltage cannot change instantaneously across a capacitor, the 
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propagation 

delay 



delay 

element 





(c) 

Figure 5.1.1 Propagation delay in a NAND GATE: (a) nonideal NAND: |b) ideal 
NAND with delay; |c) timing diagram. 



output of a gate cannot change simultaneously with the input. The time 
required for the output of a gate to change in response to a change in an input 
is referred to as propagation delay. Propagation delays for standard TTL 
(transistor-transistor logic) gates and other TTL devices vary but are usually 
in the range of 1 to 15 nanoseconds (ns). 1 Figure 5.1.1 shows how the input 
and output of a typical TTL NAND gate change in time. Although it is 
usually the case that the delay for a high-to-low transition (d kl ) is different 
from the delay for a low-to-high transition (d ih ), for analysis purposes we may 
assume these to be the same. Figure 5.1.1(b) shows a model of the gate that 
can be used for purposes of analysis. This model consists of an ideal NAND 
gate, which has zero propagation delay, followed by a delay element. 

A delay element simply passes changes on the input to the output de- 
layed by some constant value. 2 To see how this model works, consider what 
happens at the ideal gate output, X, and at the delay element output, C, as 
the gate inputs change. Suppose that A has been low and B has been high for 
a very long time prior to some time t u as shown in the timing diagram of 
Figure 5.1.1(c). The gate output and the delay output will then both be high. 
If input A now goes high at time , the ideal gate output, X, will immediately 

1 To put things in perspective, light travels approximately 30 cm (1 foot) in 1 nanosecond. 

2 In reality an instantaneous change at the input of a delay element does not appear as an 
instantaneous change at the output. This is due to the fact that delays are caused by capaci- 
tance and inductance, as mentioned earlier, which are inherent in the circuit. 
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glitch 



go low. This high-to-low transition of A" will then appear at the output of the 
delay element d seconds later. In a similar way, if B then goes low at time / 2 , 
X will immediately go high, followed by C going high d seconds after that. By 
using this model we can examine the behavior of networks of gates as inputs 
change. 

Consider the gate network shown in Figure 5.1.2, which realizes the 
function 



/(A, B, C) = AB + AC (5.1.1) 

Suppose initially that inputs B and C are high and A is low, thus making the 
output high, or a logical 1. Now, suppose that at time t lf input A goes from 
low to high. What happens at the output? To determine this, we need to 
follow the change in input A through the circuit to the output. We may 
assume, for this analysis, that the propagation delays through all of the gates 
are the same. Such an assumption, although strictly speaking not true, is 
good enough for our purposes. Now, when A goes high, lines x and y will 
both go low after a propagation delay d. The change in x will affect line z after 
another propagation delay d, at which time z will go high. Since y is low at 
this instant of time, the output,/, will stay high, as it should, from Equation 
(5.1.1). 

Next, consider what happens at time t 2 . When input A goes low, both of 
the lines x and y will go high after time interval d. Note that now both y and z 
are high, which means that the output, /, must go low after another interval 
d. At about this time, line z will go low, since x and C are now both high. 
Since z has gone low, the output must change once again and go high. All 
signals will now stay at these values. We see from this analysis that although 
the output,/, should, by Equation (5.1.1), have remained asserted, it has, in 
fact, changed for a brief period of time. This change is called a “glitch” and 
arises because of the physical delays in a network. 3 Glitches can cause sys- 
tems to fail and should, therefore, be avoided. 

To see how glitches may be avoided, let us consider the cause of the 
glitch in the circuit of Figure 5.1.2. Basically, the glitch occurred because 
there were two separate paths from input A to the output, each having a 
different number of delays — one path, A-y-f, having two delays and the 
other, A-x-z-f, having three delays. This difference in path length causes the 
output to “see” A go low before it “sees” A go high. Thus, both product 
terms in Equation (5.1.1), as seen by the output, are 0. If, however, the 



3 Glitches of this type are associated with what are generally referred to as “hazards,” in this 
case, a static hazard, since the output was not supposed to change. The identification and 
elimination of hazards will be discussed in Chapter 6. 
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(b) 

Figure S.I.2 Generation of a "glitch" in a combinational circuit: (a) realization of 
Equation (5. 1 . 1 ); |b) timing diagrams assuming that Band C are 
both high throughout 

consensus term BC (see Theorem 3.2.6 of Section 3.2) is added to Equation 
(5.1.1), the glitch will vanish, because BC = 1 throughout the various transi- 
tions on A and A. With the consensus term, Equation (5.1.1) will become: 

/(A, B, C) = AB + AC = AB + AC + BC (5.1.2) 

Figure 5.1.3(a) shows how the consensus term is added in the Karnaugh 
map, and the resulting implementation is shown in Figure 5.1.3(b). This 
example illustrates the fact that the removal of consensus terms in logic 
circuits may cause undesired behavior. Thus, simplifying logic circuits is not 
necessarily the best thing to do. 

5.1.2 Feedback 

As mentioned above, a sequential circuit is one in which the output is a 
function of not just the present inputs but some set of past inputs as well. 
This form of “memory” is created in any system where outputs are “fed 
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Figure 5.1.3 Glitchiess implementation of Equation (5.1.1): fa) added consensus 
term; |b) final realization. 



back” through a delay to the inputs. Effectively, the delay “remembers” 
some portion of the past history. 

In the analysis of the combinational circuit of Figure 5.1.2, each gate 
had an associated delay which was considered individually when we ana- 
lyzed the time behavior of the circuit. If we are to make the assumption that 
the combinational logic has been designed i n such a way as to have no 
glitches , then a sim plifica tion c an b e made in the mo deling pro cess? Since no 
glitches occur, we are interested only in the time it takes for a signal to 
propagate from the input to the output. Thus, we can combine all of the 
delays into a single, lumped delay at the output. This is shown in the feed- 
back model of Figure 5.1.4. In this figure, the symbol X(t) represents a set of 
n inputs and the symbol Z(t) a set of m outputs. The symbol Q(f) is referred 
to as the current state of the system and is made up of a set of p out puts 
whose value will become Q(f + d), the next state, at a time intervafrffrom 
now. The delays shown in this model make it possible for us to separate the 

4 It is generally possible to remove glitches in combinational networks by adding logic , as was 
done above when the con sensus term was used to eliminate the glitch. Thus^eassurhption of 
a glitchless circuit is realistic ~~ 
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Figure 5.1.4 Model of a combinational circuit with feedback. 



present state from the next state. Thus we see that the 2^ ® 

system is a function of the pres_e nt input and th e present state and that the 
npolta te j s also a functio n of the present input and the present state. 



A few simple, but important, observations can be made from the model 
shown in Figure 5.1.4. First, the delay represents memory in the system, 
since it holds, or remembers, the present state of the circuit while the circuit 
computes the next state. Second, whenever an input changes both the out* 
puts and the next state variables will change. Wito a change in the next state 
variables, one of two things can occur: either Q(r) - Qft + d) or QU) 

O (t + d). In the first case, the system is stable: nothing changes, except 
possibly the Z s In the second case, the system is unstable: in addition to 
possible changes in the outputs Z, the input state variables Q(0 will change 
after the appropriate time delay. This change in the Q inputs may cause 
further changes in the next state variables. Two things can occur in such an 
unstable system: either the system will eventually become stable or it w 11 
continue to have changes forever. The latter case is usually an undesirable 
situation. 5 

The model shown in Figure 5.1.4 is an example of an asynchronous or 
... i .•# a* shall in the next section 



The model shown in Mgure n.i.* is an — 

fundamental fundamental-mode sequential circuit. As we shall see in the next section 
fundamental J avtremelv imoortant in the design of memory 



fundamental-moae sequential arena. ™ — — * — ™ 
such sequential circuits are extremely important in the design of memory 
elements for computers. However, because of the possibility of long-term 
instability in such systems, reliable design of large-scale asynchronous se- 
quential circuits is very difficult, if not impossible. We will investigate the 
processes of analysis and design of such circuits in Chapter 6. 



5 This is, however, the exact behavior needed to produce oscillation for a computer’s 
“dock.” 
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□ 5.2 

FLIP-FLOPS 



flip-flop 



In Section 5.1.2 we saw that a combinational circuit with feedback can be 
analyzed using the model given in Figure 5.1.4. In this section, we are going 
to use this model to examine a specific feedback circuit, called an SR flip- 
flop. This particular circuit forms the basis for all commonly used flip-flop 
types as well as computer memory. We will then examine the many different 
types of flip-flops that are available and define their operating characteristics. 
In succeeding sections, we will use these devices to design counters and 
sequential controllers. 

Before proceeding, we should note that the term “flip-flop” is a generic 
term applied generally to electronic devices having two stable states. The 
flip-flop can be placed in one or the other of these states by applying various 
signals to its inputs. As we shall see, there are many types of flip-flops and 
many ways to control them. 

5.2.1 Simple SR Flip-Flop 

Figure 5.2.1(a) shows a simple two-gate combinational circuit having one 
feedback signal called Q that is shown to be asserted high. The two inputs to 
the circuit, S and R, are both asserted low, as indicated in the figure. Figure 
5.2.1(b) shows the circuit after the delays have been moved to the output. 
This figure is in the form of the sequential circuit model of Figure 5.1.4. The 
analysis of this circuit is easily carried out by writing the equation for the 
next-state variable Q{t + d). This equation becomes 

Q(t + d) = S + RQ(t ) (5.2.1) 

On the basis of this equation, the timing analysis can be carried out as shown 
in Figure 5.2.2; remember that S and R are asserted low and Q is asserted 
high. Equation (5.2.1) states that if 5 = 0 and R = 0, then the next state will 
be equal to the present state: a stable situation. In this situation, the output, 
Q, which can be either a 0 or a 1, will not change over time. Assume that 
0 = 0, and let S go from a 0 to a 1 (i.e., from a high to a low) at time t x . The 
next state, Q{t + d), from Equation (5.2.1), will thus be equal to 1, which 
means that after a delay of time interval d, the present state, Q(t), will also be 
1. When 5 returns to 0 at a time t 2 , the output, Q, will have changed to 1 and 
will continue to be 1 thereafter. We can see the cause of this from Figure 
5.2.1. Once Q has gone high, X will go low since R is high at this time. Since 
X is low, Q(t + d) will be forced high. This, however, is the value of the 
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Figure 5.2.1 Simple SR flip-flop: (a) two-gate circuit with feedback; (b) model 
with defay. 




Figure 5.2.2 Timing diagram for the SR flip-flop model of Figure 5.2. J. 
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Figure 5.2.3 Symbol for the SR flip-flop |a| and its truth table definition fbj. 



current output, so we have a stable situation. We say in this case that the 
output has been set to 1 by assertion of the S input. Now suppose that R goes 
to 1 at time r 3 . From Equation (5.2.1) we see that the next state will become 
0, as will the present state after a delay of time interval d. When R returns to 

0 at time U, the output, Q, will continue to have the value 0 from then on or 
until 5 changes again. 

Once more the physical cause of this can be seen from Figure 5.2.1. In 
this case Q being low causes X to be high. Since now both X and S are high, 
Q(t + d ) must be low matching the output Q(t). Again, a stable situation. We 
say that the output in this case is reset to 0 by the assertion of the R input. 

SR flip-flop This circuit is called a set-reset (SR) flip-flop, since a momentary assertion of 

the S input sets the output to 1 and a momentary assertion of the R input 
resets the output to 0. Once the flip-flop is placed in some state, it will 
remember its state until the next input change. Thus the flip flop can “store” 

1 bit of information. 

If we look a bit closer at the SR flip-flop of Figure 5.2.1, we may 
observe, ignoring propagation delay differences between the two signals, 
that the line labeled x takes on the opposite value of the output Q as long as 5 
and R are not both simultaneously asserted. If both 5 and R are asserted, as, 
for example, at time t 5 in Figure 5.2.2, then both Q and * will be high, as is 
easily verified by an examination of Figure 5.2.1 and the timing diagram of 
Figure 5.2.2. If we assume that this never occurs or is never allowed to 
occur, then we can think of the signal x either as Q or as Q( L). Figure 5.2.3(a) 
shows the symbol we will use for this flip-flop under the condition that S and 
R are never asserted at the same time, and Figure 5.2.3(b) gives the defining 
physical truth table for the flip-flop. In this symbol, the preferred label for 
line x of Figure 5.2.1(a) is Q _ or Q( L). 6 

6 The simple SR flip-flop shown in Figure 5.2.1 is generally referred to in the IC data catalogs 
as an “ S-R latch.” 
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Figure 5.2.4 Clocked SR flip-flop. 
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5.2.2 Clocked 5/7 Flip-Flop 

In the basic flip-flop, changes in the output occur whenever either input 
changes. In a computer, separate operations occur at specific instances of 
time defined by an internal “clock.” Thus, to use the basic flip-flop in the 
design of a computer, we must make certain that the outputs change only at 
very specific instances of time. This can be accomplished by adding a clock 
input to the flip-flop, as shown in Figure 5.2.4. In this flip-flop, the output Q 
will be unaffected by any change in the S and R lines as long as the clock, G, 
is negated. The output is allowed to change only when G is asserted. Note, 
however, that as long as G is asserted, the output will follow the changes in 
latch-mode the S and/? lines. This is an example of what we will refer to as a latch-mode 
flip-flop flip-flop. Specifically, a latch-mode flip-flop is one whose outputs “function- 
ally” follow the inputs for as long as the clock line is asserted. This means 
that the flip-flop basically becomes a simple combinational circuit in which 
the bistable nature of the device becomes transparent. 

Another type of clocked flip-flop using the basic SR flip-flop circuit is 
the D flip-flop. This device has one input, D, and, of course, the clock. The 
output Q equals the input D whenever the clock line is asserted. Figure 5.2.5 
shows the circuit for a D-type latch-mode flip-flop. This type of flip-flop is 
used extensively in the design of computers and other digital systems for the 
temporary storage of information and is often referred to simply as a latch or 




Figure 5.2.5 Clocked O-type flip-flop. 
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Figure 5.2.6 Master-slave SR flip-flop. 



as a transparent latch. Use of the term transparent reflects the fact that Q = 
D if G is asserted and thus the signal behaves as if the flip-flop is not present. 

In the latch-mode SR flip-flop, if the S and R lines change more than 
once while the G line is asserted, the output Q will also change more than 
once. This, quite often, is an undesirable characteristic. Suppose we wish the 
output to change only once during the period that the clock is asserted and to 
take on the value specified by the last input change. This can be done by 
using two SR flip-flops in tandem, as shown in Figure 5.2.6. Such an arrange- 
ment is referred to as a master-slave flip-flop. In the master-slave SR flip- 
flop, the output of the slave flip-flop takes on the value of the output of the 
master while the clock is negated. When the clock is asserted, the slave flip- 
flop latches, or holds, this value while the master flip-flop changes to its new 
value. This new value is then passed to the output when the clock is once 
again negated. 

A rather serious problem, however, exists in the master-slave flip-flop. 
As we saw in Section 5.1, glitches can occur in combinational circuits be- 
cause of differing propagation delays in the network. Suppose that the S and 
R inputs are both to be negated while the clock line is asserted. This, of 
course, should result in the output of the flip-flop remaining at its old value at 
the end of the clock pulse. 7 Figure 5.2.7 shows what can happen if a glitch 
should occur during this interval. We see from this figure that the glitch 
causes the output to change when it is supposed to stay the same. Such a 
situation could cause a large system to fail, with potentially catastrophic 
consequences. For this reason, master-slave flip-flops are not in general use 
today. 



7 A clock pulse, as used here, is taken to mean a signal which is asserted for some period of 
time and then is negated for another period of time. Although this action usually occurs with 
regularity in a computer, regularity is not an essential feature for driving flip-flops. 
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Figure 5.2.7 Timing diagram for a glitch-induced output error. 



5.2.3 Edge-Triggered Flip-Flops 



A type of flip-flop that avoids the glitch problem, and many similar noise- 
edge- induced problems as well, is the edge-triggered flip-flop. In this flip-flop, the 

triggered next output value is dependent only on the values of the inputs at the time 

flip-flop when the clock line goes from low to high (or high to low) and is totally 

unaffected by any change on the inputs at any other time. Since the transition 
of a clock signal from low to high is usually very fast (a few nanoseconds), 
the likelihood that the inputs will change during this period is extremely 
small, indeed. In fact, the designer of a system using these devices should 
make sure that this never happens. The analysis and design of edge-triggered 
flip-flops will be discussed in Chapter 6. Figure 5.2.8 shows symbols used for 
the four basic types of edge-triggered flip-flops, along with their respective 
physical truth tables. Only two of these, however, are generally available as 
integrated circuits: the D and the JK flip-flops. Note that if there is a “bub- 
ble” at the clock input, then the output changes on a negative, or high-to- 
low, transition of the clock. If no bubble is present, then the output changes 
on the positive, or low-to-high, clock transition. In these truth tables, and 
all that follows, we will use an uppercase letter to refer to the next state 
and a lowercase letter to refer to the present state. Thus Q = Q(t + d) and 

q = Q(t). 

The characteristic behavior of each of these flip-flops is defined by the 
truth tables of Figure 5.2.8. It is sometimes convenient, however, to repre- 
characteristic sent this behavior by the characteristic equation of the flip-flop. For exam- 
equation pie, Equation (5.2.1) is the characteristic equation for the SR flip-flop. The 
characteristic equations for the various flip-flops can be derived from the 
truth tables that define them. For example, for the JK flip-flop, assuming that 
inputs J and K and output Q are asserted high, as indicated in Figure 5.2.8(b), 
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Q = qJK + JK + qJK = qK + JK + qJ 
= qK + qJ 



These equations apply at the time the active clock edge occurs. 

Each of these flip-flops have characteristics useful in different applica- 
tions. The D, or delay, flip-flop, as mentioned earlier, is used extensively for 
temporarily storing information in a computer. A collection of D flip-flops 
might make up a “register” in the central processing unit of a computer. The 
T, or toggle, flip-flop is most often used for the design of counters, as we shall 
see in the next section. A quick examination of the truth tables for the 
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Figure 5.2.8 Four basic edge-triggered flip-flops: (a) D flip-flop; (b) JK flip-flop; 
(c) f flip-flop; fdj SR flip-flop. 
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Figure 5.2.9 Current state-next state truth tables for the various flip-flops: (a) D 
flip-flop; (b) JK flip-flop; (c) T flip-flop; (d) SR flip-flop. 



various flip-flops shows that the JK is a combination of both the T and the SR 
flip-flops. Specifically, if the condition that the / and K lines are never as- 
serted at the same time is maintained, then the JK is exactly equivalent to the 
SR, with J equal to the S input and K equal to the R input. If the J and K lines 
are tied together, the resulting single line is equivalent to the toggle flip-flop’s 
T input. This, of course, helps to explain why only the D and the JK flip-flops 
are generally available as integrated circuits. 

The defining truth tables of Figure 5.2.8 clearly and unambiguously 
show the behavior of the four basic flip-flop types. However, in the design 
process, a different version of these tables will be useful. In the design, or 
synthesis, process we must design logic that generates signals at the inputs to 
the flip-flops that will cause them to produce specific outputs on the next 
clock pulse. For example, suppose that the current output of a JK flip-flop is 
1 and the next value is required to also be 1. What should the J and K inputs 
to the flip-flop be? From Figure 5.2.8(b), we see that two conditions on the 
inputs will cause the output to remain 1. The first is when J = 1 and K = 0, a 
condition causing the output to be set to 1 , and the second is when J = 0 and 
K = 0, a condition resulting in no change in the output. Thus, the value of J 
becomes a don’t care and the value of K must be 0 for the output to remain a 
1. The remaining combinations are determined in a similar manner. This 
“present-state-next-state” behavior is shown in the tables of Figure 5.2.9 
for each of the basic flip-flops. These tables will be used extensively in the 
design of sequential circuits and should therefore be committed to memory. 
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Consider the three-flip-flop circuit shown in Figure 5.3.1(a). The analysis of 
this circuit is most easily carried out by writing the flip-flop input equations, 
i.e. , the equations for Tj, T 2 , and T 3 , and then, on the basis of the truth table 
defining the T flip-flop shown in Figure 5.2.8(c), constructing a table showing 
how the outputs, q x , q 2 , and q 3 , change on each occurrence of the clock 
pulse. For example, if T 2 = 1, then the output of this flip-flop, q 2 , will toggle, 
or change value, when the clock signal goes from a low to a high. If, on the 
other hand, T 2 = 0, then the output of the flip-flop will not change when the 
clock changes. The flip-flop input equations are easily seen to be 

T x = 1 

T 2 = <?, (5.3.1) 

Ti = q x qi 

Using these input equations, we can determine the successive output 
values of each flip-flop. The three outputs at any given time, taken collec- 
tively, are referred to as the state of the machine. The table that shows how 
the outputs change and the circuit moves from state to state with each clock 
pulse is, therefore, referred to as a state transition table. This table is shown 
in Figure 5.3.1(b). As we indicated in Section 5.2.3, the current state of the 
machine is indicated with lowercase letters and the next state with uppercase 
letters. Thus <?j is taken as the present output of flip-flop 1, and <2i is taken as 
the next value of this output. (This practice will be followed in the remainder 
of this text.) From this figure, it is easily seen that the three outputs, q x ,q 2 , 
and q 3 , change in such a way as to count the clock pulses, at least to 7, and 
thus the circuit is a counter. 

The sequence of states that a counter goes through can also be shown in 
a state diagram. The state diagram for the counter shown in Figure 5.3.1 is 
given in Figure 5.3.2. As can be seen from this figure, the state diagram 
consists of nodes, whose labels represent the state of the network at particu- 
lar times. These nodes are connected to each other by directed edges, which 
show what state the system will go to on the next clock pulse. Such a 
diagram is very useful for visualizing the behavior of more general sequential 
circuits, as we shall see shortly. 

Counters, of course, need not count in the sequence just given. We may 
want a counter to count in a Gray code sequence or some other sequence not 
representing a binary counting sequence. Suppose that we are required to 
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(b) 



Figure 5.3. t (a) A 3-bit binary counter made up of T flip-flops and (b) its state 
transition table. 

design a counter that counts in the Gray code sequence, 000, 001, Oil, 010, 
110, 111, 101, 100, 000, .... The question is, How do we proceed with the 
design? The analysis procedure that was used above began by deriving the 
flip-flop input equations. These were then used, in conjunction with the truth 
table that defined the flip-flops, to derive a state transition table. What we 




Figure 5.3.2 State diagram for the counter of Figure 5.3. 1 
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Figure 5.3.3 Excitation table for a Gray code counter. 



need to do for the design of a counter is exactly the reverse: derive the state 
transition table, and then, using the definition of the flip-flop to be used in the 
counter being designed, derive the flip-flop input equations. To carry out the 
process, let us assume that we are to do the design using JK flip-flops. Figure 
5.3.3 shows the state transition table for the specified count sequence and the 
values that the 7 and K lines for each flip-flop must take on to generate the 
required next-state values. This table is usually referred to as an excitation 
table, since it gives the flip-flop input values necessary to cause the flip-flops 
to change state in a particular way. The values for 7 and K are easily obtained 
from the current state-next state tables given in Figure 5.2.9. For example, if 
the current state of flip-flop 1 is 0 and the next state is to be a 1, then, from 
Figure 5.2.9(b), we see that 7 = 1 and that K becomes a don’t care. The 
resulting excitation table is shown in Figure 5.3.3. 

The equations for the flip-flop inputs can easily be derived from the 
excitation table by plotting the 7 and K values in Karnaugh maps. These are 
shown in Figure 5.3.4, from which the flip-flop input equations are seen to be 



h = <h<l2 



(5.3.2) 



7z - <7l<?3 
Ki = 



7| = qiQi + <?2<?3 
K\ = <?2<?3 + qiQi ~ J i 

Using equations (5.3.2), the physical implementation of the Gray code 
counter becomes as shown in Figure 5.3.5. Note the use of both the asserted 
low and asserted high flip-flop outputs to generate the various functions 
without the use of level shifters. The reader should verify that this counter 
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Figure 5,3.6 Excitation table for the five-state counter. 



does implement the specified Gray code counter by deriving the state transi- 
tion table as was done in the previous analysis example. This table should 
look exactly like the excitation table of Figure 5.3.3 except that this time the 
don’t cares will have values assigned to them. 

Before we examine sequential circuits that are more general than 
counters, let us consider one more example. Suppose that we are required to 
design a five- state counter that counts in the sequence 0, 1, 2, 3, 4, 0, 1, 
.... Since there are five distinct states, we will need at least three flip-flops 
to encode these states. Furthermore, since three variables can encode eight 
states and we are only using five, we have three extra states to contend with. 
The question is: What do we do with these three extra states? Since they are 
not included in the count sequence, let us simply treat them as “don’t 
cares.” The resulting excitation table for the five-state counter, using JK flip- 
flops, is shown in Figure 5.3.6. 

The flip-flop input equations can now be derived from the excitation 
table by plotting the values for J and K in Karnaugh maps, as was done in the 
last example. These plots are shown in Figure 5.3.7, from which the equa- 
tions are easily seen to be 



Ji - <7i<?o 
K 2 = 1 

J X =K X = q 0 (5.3.3) 

Jo ~ <?2 
Ko= 1 

The resulting counter is shown in Figure 5.3.8. 

Let us now consider the don’t care state transitions. As mentioned 
earlier, any don’t cares that appear during the design process will have 
specific values assigned to them in the final physical implementation. Thus, 
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Figure 5.3.7 Rip-flop excitation tables for the five-state counter. 



when power is applied to the circuit, it could start in one of the unspecified 
states. This is due to the fact that the starting state of a flip-flop, upon 
application of power, is a random event . 8 The question then is: If the counter 
starts in one of the unspecified states, will it work as designed? To answer 
this question we must determine what the state transitions associated with 



8 The starting state is actually determined by external circuit parameters, principally the 
capacitance and resistance of circuit elements attached to the outputs of the flip-flop. 
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Figure 5.3.8 Schematic for the five-state counter. 



the don’t care states are in the final realization. To see what these state 
transitions are, we must analyze the counter implementation shown in Figure 
5.3.8. Using Equations (5.3.3) we can construct the counters state transition 
table as shown in Figure 5.3.9. Figure 5.3.10 shows the corresponding state 
diagram. Notice from this diagram that the next state after each of the three 
unspecified states is in the desired count sequence. 

In general, the state transitions associated with unspecified entries in 
the state transition table are of no real concern and can usually be ignored. 
This is due to the fact that most flip-flops are designed with additional inputs 
that allow them to be preset to either a 0 or a 1 , as needed. Two examples are 
shown in Section 6.3. Thus no matter what state the counter comes up in 
when the power is turned on, it can be initialized to the start of the count 
sequence using these extra control inputs. We shall see examples of this in 
later chapters. 
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Figure 5.3.9 State transition table for the counter shown in Figure 5.3.8. 
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Figure 5.3.10 State diagram for the five-state counter shown in Figure 5.3.8. 

□ 5.4 

SYNCHRONOUS, OR CLOCKED, SEQUENTIAL CIRCUITS 

In Figure 5.1.4 a model for a sequential circuit was shown. This circuit was 
termed an asynchronous sequential circuit, since there was nothing to con- 
trol the time at which the outputs change except for the propagation delays 
and the times at which the inputs change. Because it is generally not possible 
to control, with any degree of accuracy, the propagation delays inherent in 
the circuit, circuits of this type are of little use in the implementation of large- 
scale systems. However, if the feedback delays are replaced by clocked flip- 
flops, a type of sequential circuit whose behavior is easily controlled is 
synchronous created. 9 Such a circuit will be called a clocked, or synchronous, sequential 
sequential circuit. In this section we will investigate clocked sequential circuits by first 
circuit showing models that can be used for their analysis. We will then look at the 

problems associated with the analysis and design of such machines. 

5.4.1 Models for Clocked Sequential Circuits 

As indicated above, if we replace the delay elements in Figure 5.1.4 with 
state some type of clocked flip-flop, a clocked, or synchronous, sequential circuit 

machine results. Such a circuit is also, sometimes, referred to as a state machine. The 

model that results when we replace the delays with D-type flip-flops is shown 
Mealy model in Figure 5.4.1(a). This model is referred to as the Mealy model. It is easily 
seen from this figure that the next state, Q, is a function of the current state, 

9 The flip-flops cannot actually replace the physical delays in the circuit. What they do is to 
prevent changes on the inputs from causing changes in the feedback lines except at the point in 
time at which the flip-flop outputs change, and this is controlled by the clock. 
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Moore model 





z 



(b) 

Figure 5.4.1 Mealy model (a) and Moore model fbj for sequential circuits. 



q, and the current inputs, X. 10 This is also true of the outputs, Z. In other 
words, we may express Q and Z as follows: 



Q = f(q, X) 
Z = h(q, X) 



(5.4.1) 



An alternative model arises if we assume that the sequential circuit’s 
outputs are functions only of the state of the machine. The counters of 
Section 5.3 are examples of this form of sequential circuit. Figure 5.4.1(b) 
shows the general model resulting from this assumption, when we further 
assume that D flip-flops are used in the feedback paths. This is referred to as 
the Moore model, in which 

Q = f(q, X) (5.4.2) 

Z = h(q) 

10 Remember that the symbols Q, q, X, and Z refer not to a single signal but to a collection of 
state variables (flip-flop outputs), inputs, and outputs. 
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The models given in Figure 5.4.1 use edge-triggered D flip-flops in the 
feedback paths. Since D flip-flops simply transfer the input of the flip-flop to 
the output when the asserted clock transition occurs, the next state, Q, of the 
system is, in fact, the value of the D flip-flop inputs, D; that is, D = Q. If, 
however, we were to use other flip-flop types, such as JK , the next state, or 
set of next flip-flop outputs, becomes a function of these inputs as defined by 
the tables in Figure 5.2.8. Thus, the outputs labeled Q in Figure 5.4. 1 become 
the flip-flop inputs required to generate the next state. We will see examples 
of this in what follows. 



5.4.2 Analysis of Clocked Sequential Circuits 

The analysis of the behavior of clocked sequential circuits requires that we 
determine the output equations (the Z’s) and the next-state equations (the 
Q’s), from which we can derive the state transition table, or state table, and a 
state diagram similar to the one we derived in Section 5.3. Consider, for 
example, the clocked sequential circuit shown in Figure 5.4.2. The next state 
equations and output equation are easily derived from this circuit. They are, 
respectively, 



Q\ = tfl<72 + <?1<?2 ( = ^i) 

Qi ~ + ?2* ( = ^ 2 ) (5-4.3) 

Z = <?i + q 2 x 

We see that since Z is a function of both the state variables q\ and q 2 and the 
input X, this circuit fits the Mealy model. 

Although equations (5.4.3) completely defines the behavior of the se- 
quential circuit shown in Figure 5.4.2, they are a little awkward to use in 
trying to determine the sequence of outputs that will be produced by a given 
sequence of inputs. By plotting these equations in the form of a state table, 
the behavior of the system becomes a bit clearer. Figure 5.4.3(a) shows this 

Assuming that the goal of analysis is to be able to predict how the 
outputs of the sequential circuit will change as the inputs change, we need 
not know the specific values that the state variables take on as the inputs 
change. We only need to distinguish between states to predict the behavior of 
the machine. Thus, we may replace the specific values that the state vari- 
ables can take on by simple labels. For example, we might make the follow- 
ing replacements for the states (q u q 2 ): (00) = A, (01) = B, (11) = C, and 
(10) = D. The resulting symbolic state table is shown in Figure 5.4.3(b). 
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Clk 

Figure 5.4.2 Synchronous sequential circuit to be analyzed. 



state diagram 

directed 
linear graph 



An alternative representation to the state table is a state diagram. We 
use one of two forms for the state diagram, depending on the sequential 
circuit model being used. In both cases the state diagram is a directed linear 
graph in which the nodes represent the states of the machine and the edges 
represent the inputs required to move from one state to the next. In the 
Mealy model, the outputs are a function of both the input and the state, and 
therefore the outputs must be associated with the edges in the state diagram. 



(a) 



X = 0 X = 1 
A A, 1 B, 0 

B C, 0 D, 0 

C B, 1 A, l 

D D, 1 C,\ 

Next state, output 
(b) 



Figure 5.4.3 State tables for the circuit of Figure 5.4.2: |a) state transition table; 
(b) symbolic state table. 
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Figure 5.4.4 

State diagram corresponding to the 
state table of Figure 5.4.3. 



In the Moore model, the outputs are functions only of the state, and so 
the outputs, for this model, are associated with the nodes. Figure 5.4.4 shows 
the state diagram for the sequential circuit of Figure 5.4.2. In this diagram the 
edges are labeled in the form XtZ, This state diagram defines the behavior of 
the system. For example, suppose that we start in state A and apply the input 
sequence 101101; the output sequence that results will be, from either the 
state table or the state diagram, 001001. 
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Figure 5.4.5 Example of a Moore machine. 
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As a second example, let us analyze the sequential circuit shown in 
Figure 5.4.5. Our analysis objective is, once again, to produce a state table 
and a state diagram that identifies the behavior of this circuit. The circuit 
shown in this figure differs from the one shown in Figure 5.4.2 in that this 
circuit uses JK flip-flops instead of D flip-flops. Thus, the flip-flop input 
equations are not equivalent to the next state equations, as they would be for 
D flip-flops. However, we can easily obtain the next-state values by first 
excitation writing the flip-flop input equations, or excitation equations, and then use the 
equations table defining the JK flip-flop, given in Figure 5.2.8(b), to derive the next 
state values. The input and output equations for this circuit become 



J, = Xy 2 

, =y 2 

J 2 = X 
K 2 = Xy\ 
Z, = Vi 
Z 2 = yi y 2 



(5.4.4) 



A second difference between this example and that of Figure 5.4.2 now 
becomes apparent. That is, the outputs are functions of the state variables 
only, and so the Moore model is to be used for this analysis. 

The inputs of equations (5.4.4) are plotted in the excitation tables of 
Figure 5.4.6(a); the resulting transition and state tables are also given in 
Figure 5.4.6. To see how the state table is derived from the flip-flop excita- 
tion tables, refer to Figure 5.2.8(b). Consider, for example, the first row of 
the excitation tables in Figure 5.4.6(a). For X = 0, J\ and K x are 0 and 1, 
which causes the flip-flop to reset; and therefore Y x = 0, as shown in Figure 
5.4.6(c). The same situation occurs when X — 1. On the other hand, when 
X = 0, J 2 and K 2 are 0 and 0, respectively. Thus, the flip-flop output should 
not change. Since the current state variable, y 2 , is 0, the next-state value, Y 2 , 
must also be 0. When X - 1, however, J 2 and K 2 are 1 and 0 and therefore 
y 2 = 1 . The remainder of the assigned table. Figure 5.4.6(c), is completed in a 
similar manner. Figure 5.4.6(d) shows the symbolic state table, where the 
states are assigned as follows: A — (00), B = (01), C = (11), and D = (10). 

The output of a Moore machine is associated only with the value of the 
state variables and thus the outputs for this circuit are plotted along the right 
side of the state tables to correspond to the appropriate state variable values. 
Figure 5.4.7 shows the state diagram that corresponds to this state table. 
Note that the outputs are shown not on the edges of the graph, but in the 
nodes associated with the states that cause these outputs. 
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Figure 5.4.6 Flip-flop excitation and state tables for the sequential circuit of 
'■ Figure 5.4.5: (aj excitation tables; |b) output table; |c) state 

transition table; |d) state table. 




Figure 5.4.7 

State diagram of the Moore machine of 
Figure 5.4.5. 
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5.4.3 Design of Clocked Sequential Circuits 

As was the case with the design of counters in Section 5.3, the design of more 

general sequential circuits is just the reverse process of the analysis. There 

are basically five steps in this process: 

Step 1. From the problem statement, obtain a state diagram and a state 
table. 

Step 2. Assign a coding to the states to form a transition table. 

Step 3. Specify a flip-flop to use and derive the flip-flop excitation tables 
from the transition table. 

Step 4. Derive the flip-flop input equations and the circuit output equations 
from these tables. 

Step 5. Draw a circuit diagram. 

We can best illustrate this design process by an example. 



two-phase 

clock 

generator 



PROBLEM STATEMENT 1 

Design a sequential circuit that generates the two-phase clock shown in 
Figure 5.4.8. The clock output is to be controlled by an input X. If X = 1, 
the clock output is to run normally. If * = 0, however, the output is to be 
held at the current value until X goes to 1. 

We begin the design of the two-phase clock generator by constructing a 
state diagram. From Figure 5.4.8 we see that one cycle consists of four 
subintervals labeled A, B, C, and D. Thus if we assume that the period of the 
system clock is equal to one of these subintervals, we need four states, one 
for each of these time intervals. Furthermore, assuming that both phase 
outputs are asserted high, the output sequence is to be (Pi, P 2 ) = (1, 

(1, 0), (1, 1), and (0, 0). Before we construct a state diagram for this problem 




Figure 5.4.8 Two-phase clock of problem statement I . 
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we must decide whether to make this a Mealy or a Moore machine At the 
moment there is no reason to select one model over the other. Thus, for this 
example, we will arbitrarily assume a Moore model. We will use the Mealy 
model for the next two examples. Based on these assumptions and the prob- 
lem statement, the state diagram and the state table for this two-phase clock 
appear in Figure 5.4.9. Note that as long as the input, X,is\, the machine 
functions exactly like a counter. The principal difference between this exam- 
ple and the counters discussed earlier is that the outputs for the two-phase 
clock generator cannot be the same as the state assignments. The reason is 
that two of the output combinations, corresponding to states A and C in 
Figure 5.4.9, are identical, both (1,1). 

Our next task is to encode the states and select a flip-flop type to be used 
for the implementation. Since there are four states we will need two state 
variables to encode them, say>'i and y 0 - The actual coding for the states A, B, 
C and D is arbitrary. We observed above, however, that while X 1, the 
machine behaves like a simple counter. Thus let us encode the states in a 
simple counting sequence. We will have more to say about this state encod- 
ing or assignment problem in the next example. Figure 5.4.10 gives the 
resulting state transition table and the output table for this encoding. 

Since we are basically dealing with a counter, let us select T flip-flops 
for the implementation. To derive the flip-flop input equations we need first 
to derive the flip-flop excitation table. This can easily be done using the state 
transition table of Figure 5.4.10(a) and the present state-next state truth 
table for the T flip-flop shown in Figure 5.2.9(c). This is done in a manner 





Figure 5.4.9 State diagram (a) and corresponding state table |b) for the two- 
phase clock generator. 
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(a) 

Figure 5.4.10 State transition Table (a) and output table (b) for the two-phase 
clock generator. 



similar to the derivation of the excitation tables for the JK flip-flops used in 
the Gray code counter of Section 5.3. Figure 5.4.11 shows the resulting 
tables from which the flip-flop input equations are easily seen to be 




(5.4.5) 




Figure 5.4. 1 1 Flip-flop excitation tables for the two-phase clock generator. 
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The output equations can be derived from the output table given in Figure 
5.4.10(b). These equations are 



- * + ( 5 . 4 . 6 ) 

Pi = yo 

Figure 5.4.12 shows the resulting implementation for the two-phase clock 
generator. 

PROBLEM STATEMENT 2 

Design a sequential circuit having one input, X, and one output, Z. Z is to 
be 1 whenever the four most recent inputs are 101 1 , where the most recent 
input is the rightmost in the string. Overlapping of sequences is allowed so 
that the input sequence 1011011 will produce an output of 0001001. The 
input X is to be asserted low, and the output Z is to be asserted high. 

We begin the design process by constructing a state diagram for a se- 
quential circuit to meet these requirements. In doing this, we should try to 
associate a specific meaning with each state in the diagram. For example, in 
the state diagram of Figure 5.4.13, let state A correspond to the situation 
where we have seen no part of the input sequence. Then let state B be the 
state corresponding to seeing the first 1 in the sequence. C can correspond to 
10 and D to 101 . By the statement of the problem, a 1 on the input while the 
circuit is in state D should produce a 1 out, but what is the next state? Well, 
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since this 1 can also be taken as the first 1 in the sequence, we should go to 
state B. This is the sequence of states that will result if the input sequence is 
the one desired. What happens, however, if this sequence is broken? For 
example, suppose the current input is 101, which would put us in state D, and 
then a 0 comes in. In this case, the desired sequence is broken; however, the 
last 1 of 101 becomes the first 1 of 10, which corresponds to state C. There- 
fore, an input of 0 in state D will cause us to go to state C. Continuing in this 
way, we arrive at the state diagram of Figure 5.4.13. 

We have drawn this state diagram for a Mealy machine. There is actu- 
ally nothing in the problem statement that would indicate a preference. It is 
generally true, however, that Moore machines usually require more states 
than the equivalent Mealy machine, as we shall shortly see. Thus, we will 
use the Mealy model whenever possible. More will be said about the model 
equivalences or lack thereof in Section 5.6. 

The state table for this sequence detector can easily be constructed from 
the state diagram. This is done in Figure 5.4. 14(a). In order to derive the flip- 
flop input equations, we first must have an assignment, or coding, for the 
states required in this problem. Since there are four states, we must have two 
state variables to distinguish each of the states. Call these Y\ and Y 2 . We 
may, at this stage, assign states to state variable values arbitrarily. Assume 
the assignment is made on (Y t , Y 2 ) as follows: (00) = A, (01) = B, (11) = C, 
and (10) = D. On the basis of this assignment, the state transition table 
becomes as shown in Figure 5.4.14(b). 

Before we can derive the flip-flop input equations, we must specify the 
type of flip-flop to be used in the design. For this example, let us use JK flip- 
flops. The flip-flop excitation tables can now be derived from the state table 




Figure 5.4. 1 3 State diagram for a sequence detector that detects the sequence 
TOM. 
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state 

assignment 




Flq ure 5.4.14 Flip-flop state tables (a) and state transition table (b) for the 
sequence detector of Figure 5.4. 1 3. 



using Figure 5.2.14(b) in exactly the same way as was done for the counter 
design example in Section 5.3. The resulting excitation tables are shown in 

g Now, from the state table of Figure 5.4.14 and the excitation tables erf 
Figure 5.4.15, we may derive the flip-flop input equations and the network 
output equations. These equations become 



/, = Xy 2 

X = Xy 2 + Xy 2 = X®y 2 
h = y\ + X 
X 2 — yi 
Z = yi y 2 X 



(5.4.7) 



Equations (5.4.7) yield the final circuit implementation shown in Figure 
5.4.16. The reader should verify these results by deriving the state diagram of 
Figure 5.4.13 from the circuit diagram of Figure 5.4.16, using the analysis 

procedure of Section 5.4.2. . 

It should be appreciated that the complexity of the implementing equa- 
tions depends on how this assignment is made. Ideally, we would like to 
assign states in such a way as to make the equations as simple as Possible. 
This general state assignment problem is a very difficult problem and will not 
be discussed here. A number of references to this problem are given at the 
end of the chapter. Although the general problem is very difficult, there are a 
couple of rules of thumb that can be used which usually lead to fairly simple 
implementing equations. These rules, in order of importance, may be stated 
as follows: 







h 



Figure 5.4.1 S Flip-flop excitation tables for the sequence detector of Figure 
5.4.13. 



Rule 1 

States that have the same next state for a given input should be adjacent. 
Priority should be given to states having common next states for the largest 
number of inputs. 

Rule 2 

States that are the next state of a given state should be adjacent. 



The rationale for rule 1 is that when two rows are adjacent and the state 
variable in the same column of these two rows is the same, this state variable 
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Figure 5.4.16 Implementation of the 101 1 detector. 



will have a term which is independent of the state variable that differs be- 
tween the two rows. Thus, the final equations will have simpler terms. The 
reason for the second rule is that when these states are adjacent they will 
differ in only one state variable. Thus, the state variables that are common 
may share common terms. 

We can illustrate the application of these rules with the last example. 
Referring now to the state table of Figure 5.4.14(a), we see that by rule 1, 
states B and D should be adjacent, since they map into the same next states 
for each input: C for X - 0 and BioxX = 1 . Further, by rule 2, we would like 
to make B and C adjacent. This leaves state A to be adjacent to either C or D. 
Applying rule 2, we see that A and D should be adjacent, because these are 
the next state of state C. The resulting state table and transition table are 
shown in Figure 5.4.17(a) and (b). The excitation tables for the JK flip-flops 
are shown in Figure 5.4.17(c). The resulting flip-flop input equations become 

J\ = yi 
K,= yi + X 
J 2 = X 
K 2 = X 
Z - y x y 2 X 



(5.4.8) 
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These equations are clearly simpler than those of equation (5.4.7), and thus 
the rules of thumb have, indeed, done their job. 

Let us consider another design example. 

PROBLEM STATEMENT 3 

Design a two-input (A and B), one-output (Z) sequential circuit (using a 
Mealy model) having the following characteristics: Z = A(t)A{t - 1) until 
the B input becomes 1, at which time Z - A(t) + A(t - 1). The next 
occurrence of a 1 on input B causes Z to switch back to the AND operation. 
Z continues to switch between the OR operation and the AND operation on 
each occurrence of 1 at input B. Assume that both inputs and the output are 
asserted high. 

As before, we began the design process by constructing the state dia- 
gram, which is always the most difficult part. Let us begin by assuming thatZ 





Figure 5.4. 1 7 Tables resulting after applying the rules of thumb to the state 
table of Figure 5.4.14ja): fa) permuted state table; (b) state 
transition table; (c) excitation tables. 
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implements the AND and derive a portion of the state diagram corresponding 
to this part of the problem. To get ourselves started, let us hold B = 0 for a 
while and develop the state diagram based on changes in A. Again, let a 
meaning be associated with each state in the system. Referring now to Figure 
5.4.18, let state S 0 correspond to the case in which the Last value of A was 0. 
If a 0 occurs next on input A, then we will stay in this state and produce an 
output of 0. Next, if A becomes a 1, we need to go to a state corresponding to 
the case in which the last value of A was 1 . Call this state S i . An input of 1 on 
A while the circuit is in the 5 ( state will, of course, take us back to 5 i and will 
produce an output of 1, since the last two inputs on A were 1. An input of 0 
on A, on the other hand, will take us back to S 0 . A similar argument can be 
made if we assume that Z is to implement the OR operation. In this case, 52 
will correspond to the case in which the last A was 0, and 5 3 will correspond 
to that in which the last A was 1 . 

The next step in deriving the state diagram is to connect the two pieces 
just derived. Suppose we are in state 5 0 and B becomes a 1. Two possibilities 
arise. First, A can be a 0, in which case the two inputs, A and B, are 01. The 1 
on B must cause us to switch to the OR operation, and the 0 on A must cause 
us to go to the state in the OR diagram corresponding to the case in which the 
last A was 0. The resulting state is S 2 . But what is the output? Should we 
make the output the AND operation, which is what it was, or should we 
make the output the OR operation, which is what it is supposed to switch to? 
Nothing in the statement of the problem tells us what to do, so we may 
arbitrarily decide. Let us assume, then, that Z takes on the last operation 




AND 




Figure 5.4.18 

Partial state diagram for the function 
generator. 
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required before the switch. Thus, the output in this case will be 0. Figure 
5.4. 19 shows this transition. Next, assume that A is 1 while B is 1 and, again, 
we are in state 5 0 . In this case, we must go to state S 3 , which corresponds to 
the state in which the last A was a 1, and the output is to switch to the OR 
operation. On the assumption that the output is the function of the last two A 
inputs before the switch, the output here becomes a 0. Repeating these 
arguments starting in each of the other states results in the state diagram of 
Figure 5.4.19, which is the desired final diagram. The state table shown in 
Figure 5.4.20(a) is derived from this state diagram. 

The next step in the design process is to assign states and reconstruct 
the state diagram on the basis of this assignment. Since there are four states, 
we need two state variables to code the states. Let the state variables be Y\ 
and Y 2 . Applying the rules of thumb given above, we see that by rule 1, states 
S 0 and 5] should be adjacent, as should states S 2 and S 3 . Application of rule 2 
does not give us any further information, so let us assume that Si and S 2 are 
adjacent. Thus, we may assume a coding for the states (F 3 , Y 2 ) of S 0 = (0, 0), 
S, = (0, 1), S 2 = (1, 1), and S 3 = (1, 0). The resulting encoded state table is 
shown in Figure 5.4.20(b). 
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W < b > 

Figure 5.4.20 |a| State table for the function generator; (b) state transition table. 

Assuming the use of T flip-flops, the flip-flop excitation tables become as 
shown in Figure 5.4.21, from which the flip-flop input equations become 

I, =B 

T 2 = ABy x y 2 + ABy x y 2 + AByJ 2 _ 

+ ABy x y 2 + ABy x y 2 + ABy x y 2 
+ ABy x y 2 + ABy x y 2 
= A® B®y x @yz 





Figure 5.4.21 Flip-flop excitation tables. 
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The output can be derived from the state tables of Figure 5.4.20 and is seen to 
be 



Z = y\y 2 + Ay 2 (5.4.10) 

Figure 5.4.22 shows the final realization based on these equations. 

It was mentioned earlier that the complexity of the realizing equations 
for a sequential circuit can depend heavily on the way in which the states are 
assigned. As an example, consider the state assignment for the problem just 
completed. Suppose that states S 0 and S x were as assigned above but that 
S 2 = (10) and S 3 = (11). The resulting assigned state table would appear as 
shown in Figure 5.4.23, from which it may be verified that 

T, - B 

T 2 = Ay 2 + Ay 2 - A © y 2 (5.4.11) 

Z = y,y 2 + Ay, + Ay 2 

Clearly, the equation for T 2 is much simpler than the one derived in the 
equations of group (5.4.9), although the equation for Z is slightly more com- 
plex. The resulting implementation will be somewhat simpler because of this. 




Clk 

Figure 5.4.22 Final realization for the function generator circuit 
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□ 5.5 

SIMPLIFICATION OF SEQUENTIAL CIRCUITS 



It can very easily happen that the designer of a sequential circuit will create a 
state diagram or table having more states than are actually required to imple- 
ment the design. Since the number of flip-flops in the feedback path, as well 
as the complexity of the implementing equations, depends on the number of 
states, it is important that they be reduced to a minimum. In order to do this, 
we must introduce the concept of equivalent states. This is done in the 
following definition. 

Definition 

5.5.1 



equivalence The relationship between states p and q specified in this definition is an 
relation example of an equivalence relation, which is defined as follows: 

Definition Let * be a relationship between elements of some set 5. Then * is an 
5.5.2 equivalence relation if 

(i) For all x in 5, x * x, that is, x is related to itself (the reflexive prop- 

p|i^3p||!jj|® ii ■ HI 

<fi) If x * y , then y * x, that is, the order of the relation makes no differ- 
ence (the symmetric property); and 
SI If x * y and y * j| then ^ * £ (the transitive property). 
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The equivalence relation we are most familiar with is the algebraic equality, 
represented by the symbol =. It is easy to verify that state equivalence 
satisfies all three of the properties in definition 5.5.2 and is, therefore, an 
equivalence relation (see Problem 5.35). 

The definition of state equivalence just given does not help much in 
determining whether two states are equal, since we would have to test them 
against every possible input string of which we might conceive. Fortunately, 
this really is not necessary. Note that two states will be distinguishable, or 
not equal, if we can find at least one input string that produces, on the last 
input, two different outputs depending on the state we started in. For exam- 
ple, consider machine M, whose state table is given in Figure 5.5.1. We can 
see immediately, from the state table, that states A and B are not equal, since 
if we start in A and apply a 1 on the input X, we get an output Z of 0; but if we 
do the same thing starting in B, we get a 1 out. Thus A and B cannot be equal. 
However, what can we say about A and C? Well, the outputs are the same: 
for X = 0 the outputs are both 0, as they are, also, for X = 1 . This does not, 
however, mean that the states are necessarily equal. Note that when X = 0, 
the pair of states AC goes to the pair of states BD (A goes to B and C goes to 
D ) and when X = 1, AC maps into AB. We say that AC implies BD and AB, 
or that BD and AB are implied by AC. Now if B and D are equal and if A and 
B are equal, then A and C must also be equal (why?). However, we have 
already observed that state A is not equal to state B and, therefore, state A 
cannot be equal to state C (why?). 

By continuing this process for every possible pair of states, we can 
determine which pairs are equivalent and which are not. This search process 
can be simplified tremendously by making a table giving all pairs and listing, 
for each, the set of implied pairs. This set of implied pairs is called an 
implication set. Figure 5.5.2(a) shows the resulting implication table. If the 
members of a pair have different outputs for some input, they are not an 



X=0 X = 1 



A 


A 0 


A, 0 


B 


F, 0 


E. 1 


C 


AO 


AO 


D 


A 0 


A. 0 


£ 


C, 0 


A 1 


F 


A, 0 


E, 0 


G 


E, 0 


G, 0 



Figure 5.5.1 State table for 
machine M. 
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(a) (b) 

Figure 5.5.2 Implication tables for machine M\ (a) initial; (b) final. 



implication equal pair and so we indicate this in the table by simply crossing out the 

table entry. For example, the entry for AB is crossed out, since A and B have 

different outputs for an input of 1. On the other hand, if a pair map into a 
single state for each possible input and the outputs are the same, as is true of 
AD, then the pair must be equal. This is shown in the table by a dash (— ). 

The identification of equivalent states proceeds as follows. Go to each 
table entry that is not crossed out and examine the implied pairs in the entry. 
If any of these pairs corresponds to a table entry that has already been 
crossed out, then the states corresponding to this position in the table cannot 
be equal and so the entry is crossed out. By making repeated passes through 
the implication table, eventually we reach a point where no further entries 
may be removed. The resulting implication table for machine M is shown in 
Figure 5.5.2(b). 

The pairs corresponding to entries in the table that have not been 
crossed out are AD, AG, BE, CF, and DG. From this collection, we note that 
states A, D, and G are equal to each other: A equals G, and D equals G. So, 
too, state B is equal to state £ and state C is equal to state £. We may now 
reduce the original table by replacing each occurrence of D and G by state A, 
each occurrence of state £ by state B, and, finally, each occurrence of state F 
by state C. The resulting, reduced state table is shown in Figure 5.5.3. 

Let us consider one more example, this time a Moore machine. Figure 
5.5.4 shows the state table for some machine M'. As before, the implication 
table shown in Figure 5.5.5(a) is set up by comparing each row with all others 
that have the same output. For example, since the output corresponding to 
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Figure 5.5.3 

Three-state machine equivalent to machine M. 



states A and B differ, A cannot equal B and thus we cross out the correspond- 
ing entry in the implication table. A and C can be compared, however, since 
the output associated with each state is the same, zero in this case. The 
implied pairs are BG and BC, which are entered in the appropriate position of 
the implication table. As with the last example, there is a state pair, CH, 
which maps into a single state for both input values; G when X equals 0 and B 
when X equals 1. This is again shown by the dash ( — ) in the implication 
table. 

As before, once the implication table is set up, we check each entry that 
is not crossed out to determine if any implied pair corresponds to a crossed-out 







182 Chapter 5 Sequential Circuits 




Figure 5.5.5 Implication table for machine M' of Figure 5.5.4. 



entry. Figure 5.5.5(b) shows the final implication table. The pairs corre- 
sponding to entries not crossed out in this table are equivalent. In this case 
these are AD, AG, BE, CF, CH, DG, and FH. Thus A, D, and G are equal, as 
are B and £ and C, F, and H. The resulting simplified machine is shown in 
Figure 5.5.6, which is found, as before, by simple construction of a state 
table corresponding to states Ai B, and C and then replacing the next state 
transitions by states that are equivalent to one of these three. For example, in 
the original state table B goes to H when X equals 0. In the reduced table we 
replace H by its equivalent, C in this case. 

Other techniques for carrying out this reduction process exist. Some of 
these can be found in the references cited at the end of the chapter. There are 
also methods, similar to that just described, for reducing machines which are 



x = o x = \ / 

(ADG) a\ B C 0 



(BE) B C A 1 

Figure 5.5.6 

(CFH) C A BO State table for the simplified machine 
equivalent to machine M‘. 
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not completely specified, that is, machines which, for various reasons, may 
have unspecified, or don’t care, next states or outputs. Such machines are 
commonly encountered in the design of very large digital systems such as the 
control unit for a computer. Usually, such machines arise out of very highly 
structured problems to begin with and, as a consequence, end up having, if 
not an absolute minimal number of states, at least a near minimal number. 
Because of this we will not discuss this process here. Procedures for reduc- 
ing incompletely specified machines can be found in the references given at 
the end of the chapter. 



□ 5.6 

MEALY-MOORE EQUIVALENCE 
AND OTHER SEQUENTIAL CIRCUITS 

We saw in Section 5.5 that there are two fundamental models for sequential 
circuits, the only difference between them being that the output in one is a 
function of the state variables only and in the other the output is a function of 
both the state variables and the current inputs. There must, of course, be an 
equivalence between these two models, since nothing fundamental can stop 
us from designing a system starting from either point of view. For example, a 
state diagram corresponding to the sequence detector of Section 5.4.3, as- 
suming a Moore model instead of a Mealy model, is shown in Figure 5.6.1. 



o 




Figure 5.6. ! Moore version of the 1 0 M sequence detector of Figure 5.4. 1 3. 
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splitting 

states 



Assuming that state A is the initial state in the Mealy version and state So is 
the initial state in the Moore version, it can be verified that these two state 
diagrams will produce output sequences that are identical for identical input 
sequences. 

To investigate the conversion between models, consider, first, the con- 
version from a Moore machine to a Mealy machine. By assuming that the 
output associated with a state in the Moore machine can be associated with 
the incoming edges for an equivalent state in the Mealy machine, we will 
obtain the conversion shown in Figure 5.6.2(a). The reverse of this must give 
the Mealy to Moore equivalence. There is, however, a complication that 
arises in this case. If the outputs on all incoming edges of a state are the 
same, then this output becomes the output for the equivalent Moore state. If, 
however, the outputs are different, then the state must be “split” so that one 
Moore state will exist for each of the different incoming-edge outputs. Figure 
5.6.2(b) shows this conversion. Application of this Mealy to Moore conver- 
sion process to the state diagram of Figure 5.4.13 yields the state diagram of 
Figure 5.6.1, where state B has been split into states Si and S 4 . The remain- 
ing states correspond as follows: A = So, C = S 2 , and D = S 3 . 

Starting with Figure 5.6.1, we can convert back to the Mealy equiva- 
lent, as shown in Figure 5.6.3. As is apparent, this machine has five states 
rather than four as in the original machine. However, it can easily be veri- 



X 1 x 2 iZ 




Figure 5.6.2 State equivalence in the Mealy-Moore conversion process: |a) 

Moore to Mealy transformation; (b) Mealy to Moore transformation. 
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Figure 5.6.3 Mealy machine derived from the Moore machine of Figure 5.6. 1 . 



fied, using the simplification procedure described in Section 5.5, that states 
S] and 5 4 in this transformed state diagram are equivalent. Thus we obtain 
the original four-state machine. 

Although Mealy and Moore machines are equivalent in the sense just 
described, there are some important timing differences which should be 
noted. Since the output of a Moore machine is a function of the state only, 
the output must be stable (i.e., unchanging) as long as the state is fixed. Thus 
changes in the inputs between state changes cannot affect the output. In the 
Mealy machine, on the other hand, the outputs are functions of both the 
inputs and the state variables and so the output will change whenever either 
the input changes or the state changes. These two cases are shown in Figure 
5.6.4. From this figure we see that the output of a Moore machine is always 
valid, except for the time required for all signals to settle down immediately 
after the state change. Alternatively, the output of a Mealy machine is valid 
only at the instant that the state changes. Even though the timing between 
these two models is quite different, they will produce the same results if the 
output is interpreted at the correct point in time. 

An interesting question that arises is whether we should use the Mealy 
or Moore model in the design of a sequential circuit. As we have just seen 
from the discussion of the conversion from one model to the other, a Mealy 
model generally has fewer states than the equivalent Moore machine. Thus, 
if our goal is to produce the least complex design, it follows that we should 
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(a) 



TXT 

ixdc 



Figure 5.6.4 Timing differences between the Mealy and Moore models: 
(a) Moore machine timing; |b) Mealy machine timing. 



use the Mealy model. However, from the discussion of the timing differences 
between the two models, we observed that the output of the Moore machine 
is stable for the entire clock cycle, whereas the output of the Mealy machine 
is correct only at the time the active clock edge occurs. The conclusion that 
we can draw from these two observations is that unless there is a specific 
reason for the output to remain constant throughout a clock period, the 
Mealy model should be used in the design. The two-phase clock generator 
discussed in Section 5.4.3 is an example of a case where a Moore machine is 
required. This is due to the fact that the clock outputs must change only at 
the times specified in the problem statement. 

We have mentioned asynchronous sequential circuits and have spent a 
good deal of time examining synchronous sequential circuits in this chapter. 
The principal difference between these two circuits is that the state changes 
and output changes are dependent on level changes in all of the inputs in the 
asynchronous case and only on a single clock input in the synchronous case. 
The term “level change” is used to mean that an input which has been at one 
voltage level for some period of time changes to another level and stays at 
this level for another period of time. A type of sequential circuit which is 
pulse mode intermediate to these two is the pulse-mode circuit. This is basically an 
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asynchronous sequential circuit in which one or more of the inputs are as- 
sumed to be “pulses.” A pulse is defined, in a rather imprecise way here, as 
an assertion of an input which is long enough to allow the gates to see the 
change but short enough to be negated by the time any state changes caused 
by the input change are seen on the feedback paths. Obviously, pulses of this 
type are hard to control, and so pulse-mode circuits using “real” pulses are 
seldom encountered. A more practical variation on this theme is to use flip- 
flops in the feedback paths in a manner similar to clocked sequential circuits 
to control the times of state change. The incoming pulses thus appear as not 
one but many clocks. Circuits of this type have important application in 
many problems. We examine these two additional varieties of sequential 
circuits in Chapters 6 and 7. 
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can be found in the books by Mano, Hill and Peterson, Friedman, and Roth. 
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Wakerly. 
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one described earlier as for precocious students only) also discusses this 
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Dietmeyer, D. L., Logic Design of Digital Systems, Allyn & Bacon, Boston, 
1978. 

Harrison, M. A., Introduction to Switching and Automata Theory, McGraw- 
Hill, New York, 1965. 

McCluskey, E. J., Introduction to the Theory of Switching Circuits, McGraw- 
Hill, New York, 1965. 

Muroga, S., Logic Design and Switching Theory, Wiley-Interscience, New 
York, 1979. 

Rhyne, V. T., Fundamentals of Digital System Design, Prentice-Hall, Engle- 
wood Cliffs, N.J., 1973. 

Friedman discusses a procedure for converting Mealy machines to 
Moore machines and vice versa, in Chapter 5. A discussion of this machine 
conversion similar to that given here is also given in Chapter 1 1 of Hill and 
Peterson. 



PROBLEMS 



5.1. For each of the circuits shown in Figure P5.1, complete the timing diagram 
indicated. Assume that each gate has a propagation delay d which is much 
less than the time between changes of any of the signals. 
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5.2. Repeat Problem 5.1 using the circuits given in Problem 4.4 as follows: 

(a) Repeat Problem 5.1(a) using Problem 4.4(a). 

(b) Repeat Problem 5.1(b) using Problem 4.4(c). 

(c) Repeat Problem 5.1(c) using Problem 4.4(b). 

5.3. Suppose that the propagation delay of each gate in the 1-bit adder shown in 
Figure 4.3.2 is 10 ns. 

(a) What is the minimum time for the sum, 5, , and carry, C 1+1 , to be gener- 
ated after a change in input, C, ? Assume that A* and R, do not change. 

(b) What is the maximum time required to generate the sum and carry bits 
after a change in either A; or R, assuming that C, does not change? 

5.4. Suppose that we cascade eight 1-bit adders, as shown in Figure 4.3.3, to 
produce an 8-bit adder. What is the maximum time required to add two 
numbers and produce a correct sum at the adder output? 

5.5. Complete the timing analysis for the circuit shown in Figure P5.5. Assume 
that all gates have the same delay and that it is much less than the time 
between transitions on input A. 



A 




A 



F 



(a) 



A 



(b) 



(c) 

Figure P5.5 

5.6. Redo the timing analysis of the NAND gate SR flip-flop shown in Figures 
5.2.1 and 5.2.2, assuming that each gate has a delay of d seconds associated 
with it. 
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5.7. Repeat Problem 5.6 for the flip-flop shown in Figure P5.7. 

(a) First use the timing diagram shown in Figure 5.2.2. 

(b) Next, use the same timing but invert inputs S and R. 




Figure PS.7 

5.8. Complete the timing analysis for the circuit shown in Figure P5.8. Assume all 
gates have the same delay and that it is much greater than the switching time 
of input A. 




(a) 



(b) 




1 I 1 



Figure P5.8 

5.9. Assume that each gate in the circuit shown in Figure P5.9 has a propagation 
delay of d seconds. Assume, further, that input T has been low for a very long 
time and then goes high for an interval x > d. Construct a timing diagram for 
output Q. 




Q 



Figure P5.9 
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5 . 10 . Derive the characteristic equation for the flip-flop of Figure P5.9. 

5 . 11 . Complete the indicated timing diagrams for the circuit shown in Figure P5.ll. 
Assume that the propagation delay of the flip-flops is d. 




Figure P5.11 



5 . 12 . Repeat Problem 5.11 for the circuit shown in Figure P5.12. 




Figure P5.12 



5 . 13 . Derive the characteristic equation for each of the flip-flops shown in Figure 
5.2.8. Remember that the characteristic equation for these edge-triggered flip- 
flops is the equation that governs the output on the active edge of the clock. 

5 . 14 . Derive the characteristic equation for the XY flip-flop defined in Figure P5. 14. 




Figure PS. 14 
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5 . 16 . Using the flip-flops indicated, design a counter that counts in the sequence 0, 
I, 5, 2, 6, 0, ... : 

(a) T flip-flop 

(b) D flip-flop 

(c) JK flip-flop 

5 . 17 . A simple 3-bit shift register is shown in Figure P5. 17. As can be seen from this 
figure, the contents of the register are shifted to the right one bit position on 
each active transition of the clock, with input X being shifted into the left- 
most bit position. Construct a complete state diagram for this device. 




Figure PS. 17 



5 . 18 . How could you use the idea of a shift register to design the sequence detector 
discussed in Section 5.4? 

5 . 19 . Figure P5. 19 shows a simple example of a Johnson counter. As can be seen, 
this counter is simply a shift register with a simple combinational feedback. 
Construct the state diagram for this counter. 




Figure P5.I9 
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5.20. Figure P5.20 shows a generalized form for the Johnson counter. Derive an 
equation for the number of states in the counting sequence as a function of the 
length of the counter, n, and the number of outputs ANDed in the feedback 
path,/. Assume that the sequence starts with all zeros (i.e., 0000 ■ ■ • 00). 




Figure P5.20 



5.21. Derive the state diagrams for the clocked sequential circuits shown in Figure 
P5.21. Show the state diagram in the proper Mealy or Moore form. 

5.22. Show how you would convert from each of the following flip-flops into the 
alternative flip-flop indicated: 

(a) D to T 

(b) TtoD 

(c) D to JK 

(d) JKioD 

(e) T to JK 

5.23. For the state diagram shown in Figure P5.23, what is the output sequence 
generated by the input sequence x = 10111001, assuming that you start in 
state S 0 ? 

5.24. Using D flip-flops, design a machine that implements the state diagram of 
Figure P5.23. 

5.25. Repeat Problem 5.24 using T flip-flops. 

5.26. Design a circuit using D flip-flops that implements the machine whose state 
diagram is given in Figure P5.26. 

5.27. Repeat Problem 5.26 using JK flip-flops. 

5.28. Based on your design for Problem 5.26, reconstruct the state diagram imple- 
mented, showing all possible states. What happens if on turning on the power 
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to your design the flip-flops happen to start in one of the states not found in 
Figure P5.26? 

5.29. Construct a Moore machine whose output is I if the last five inputs were 
11010. Use JK flip-flops in your design. 

5 . 30 . Repeat Problem 5.29, but construct a Mealy machine this time. 

5 31, A 3-bit counter is to be designed on the basis of the following specifications. If 
an input X is 1 , the counter is to count in the sequence 000, 001 , 010, 01 1 , 100, 
101, 110, 111, . . . . If X - 0, the counter is to count in the sequence 000, 
001, 100, 010, 000 .... Design this counter using JK flip-flops. 

5 . 32 . Design a one-input (AO, two-output (Z t , Z 0 ) circuit whose outputs represent 
the number of Is that have appeared in the last three inputs. 

5 . 33 . Using the XY flip-flop of Problem 5.14, design a sequential circuit to imple- 
ment the machine whose state diagram is given in Figure P5.23. 
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5.34. A certain sequential circuit has the following next state equations: 



Y, = xyi + xyi 

Yb = xyi + 



(P5.34.1) 



The characteristic equation for a JK flip-flop is Y = yK + yj. If we plug this 
into equation pair (P5.34.1), we obtain 



Ti = xy, + xy t = yi^i + y t J, 

Y 0 = xy { + xyiy 0 = y 0 K 0 + y 0 Jo 



(P5.34.2) 



Solve equation pair P5.34.2 for K u J\,Ko, and / 0 in terms of the variables x, 
yi , and y 0 . (Hint: Note that if T,- = /= g, then/© g = 0, and_that the flip-flop 
inputs take on the general form, for example, K 0 = c^Xy iy 2 +••• + 
CiXyiy z .) 



5.35. Show that the concept of indistinguishable states as defined in Definition 5.5. 1 
is an equivalence relation. 



5 . 36 . Find a minimal state machine equivalent to the machine whose state table is 
given in Figure P5.36. 

5 . 37 . Find a minimal state machine equivalent to the machine whose state table is 
given in Figure P5.37. 

5 . 38 . For each of the state diagrams shown in Figure P5.38, convert to the alterna- 
tive form; that is, convert the Mealy machine in part (a) to a Moore machine 
and convert the Moore machine of part (b) to a Mealy machine. 
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Asynchronous 
Sequential Circuits 



□ 6.1 

INTRODUCTION 

In Chapter 5 we introduced the idea of a combinational circuit with feedback. 
Such a circuit was termed a sequential circuit, since its outputs were depen- 
dent on some past sequence of inputs. In circuits of this type the output 
behavior is controlled by the physical delays of the various gates used to 
implement the circuit. As was pointed out in that chapter, a simple model for 
such circuits can be derived if we assume that the circuit is “glitch” free. 
This model was shown in Figure 5.1.4 and is repeated here as Figure 6.1.1. 
Since the delays in these circuits are not generally controllable, designing 
reliable circuits of this type is usually difficult. By replacing the delays with 
flip-flops, as was done in the model of Figure 5.4.1, we were able to com- 
pletely control the feedback paths and therefore generate sequential circuits 
that performed predictably and reliably. There is, however, a “catch-22,” 
and that is that the circuit operates reliably only if the flip-flops operate 
reliably as well. The flip-flops themselves can only be modeled as shown in 
Figure 6.1.1. Thus, if the clocked sequential circuit is to work properly, we 
must develop techniques for designing reliable flip-flops. 

In this chapter, then, we will investigate the analysis and design of 
sequential circuits that basically must be modeled as in Figure 6.1.1. These 
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Figure 6.1.1 Model of a combinational circuit with feedback. 



asynchronous circuits will be termed asynchronous sequential circuits, since their output 
sequential behavior is controlled by the changes in the input variables, which are, 

circuits generally, not synchronized in any way. As was pointed out in Section 5.1.2, 

two possible things can occur in circuits of the type shown in Figure 6.1.1. 
First, if 

Y,{t + d) = y;(f) 

for all i, then the circuit will be stable ; that is, as long as the inputs do not 
change, neither the outputs nor the secondary variables will change. Second, 
if, for some combination of inputs and secondaries, 

Yi(t + d)± yi (t) 

for some i, the circuit is unstable; that is, the present value of the secondary 
variable will change after propagation delay time d. If an unstable situation 
occurs, one of two things will happen. Either this change can result in an- 
other change, and so on indefinitely, or, after some finite number of changes, 
a stable state will be reached. In general, the inputs in an asynchronous 
circuit can change at any time, including times during which the outputs are 
changing. This, of course, can make analysis extremely difficult, because we 
are never sure of the input values at any given instant of time. If, however, 
we assume that no input makes a change until all of the outputs and state 
variables are stable, and then that only one input changes at a time, circuit 
analysis becomes considerably easier. Asynchronous sequential circuits in 
fundamental- which this assumption is made are generally referred to as fundamental- 
mode mode sequential circuits. 1 In what follows we will be interested only in 

asynchronous sequential circuits that operate in this fundamental mode. We 

level-mode 1 Another term that is encountered in the literature is level-mode, although this is not as 



common. 
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will, of course, be interested in flip-flops, but the techniques to be developed 
are applicable to many other circuits as well. 

Before we begin our investigation of asynchronous circuits, a little his- 
torical and physical perspective is in order. Circuits of the type to be exam- 
ined in this chapter have a very desirable characteristic, namely, that they 
can process information at a speed limited only by the longest propagation 
delay path in the implementation. Since current technology allows the design 
of gates having propagation delays of the order of several picoseconds (1 
picosecond = 10“ 12 second) and since it is possible to construct all combina- 
tional functions using only two levels of gates — an AND level to implement 
the minterms, followed by an OR level — it is conceivable that computers 
could be designed that can perform basic operations very fast, indeed. In 
fact, a computer having an arithmetic unit based on this idea was designed 
I Iliac II and built at the University of Illinois in the mid-1950s. At the time, Illiac II, 

as it was named, was the fastest computer in the world. Many much faster 
computers exist today, even though they are not asynchronous. Their great 
speed is principally due to improvements in the technology used to imple- 
ment the hardware. As we shall soon see, designing large-scale asynchron- 
ous systems is, if not impossible, fraught with tremendous problems of relia- 
bility. Most of these problems can be handled by the manner in which the 
requisite functions are implemented (i.e., the form of the equations). Unfor- 
tunately, some of these problems can be managed only by controlling the 
feedback delays — which was the reason for inserting the flip-flops in the 
feedback paths in the first place! 



□ 6.2 __ 

ANALYSIS PROBLEM 

As was the case in the analysis of clocked sequential circuits, the analysis 
of asynchronous sequential circuits involves determining how the outputs of 
the circuit change with changes in the inputs. These outputs are functions 
primary of the primary variables — the inputs — and of the signals associated with the 

variables feedback path delays. These feedback variables are usually referred to as the 

secondary secondary variables and represent the state of the system at any instant of 

variables time. The process of identifying the circuit output behavior is not signifi- 

cantly different from what we saw in the last chapter. However, since there 
are no flip-flops in the feedback paths, identification of the state, or second- 
ary, variables may not always be easy. 

In general, the analysis of an asynchronous sequential circuit begins by 
identifying and “cutting” all of the feedback paths at the output of the gates 
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Figure 6.2. 1 Asynchronous circuit analysis model. 



that drive these feedbacks so that the resulting circuit is purely combina- 
tional 2 The gate outputs which are cut will be labeled with a capital letter to 
indicate that this is the next value of the secondary variable, and all of the 
gate inputs that are driven by this line will be labeled with a lowercase letter 
to indicate the current value of the secondary vanable. This conforms to the 
labeling of current state versus next state that was used in Chapter 5. Figure 
6.2.1 shows this general model. The reader should compare it with Figure 
6,1.1. We may now write equations for the outputs and the next value ot the 
secondary variables in terms of the current secondary variables and the 
inputs. The equations for the secondary variables are referred to as the 
excitation equations. Plotting the excitation equations for the secondary 
variables in a Karnaugh map results in an excitation table ( or matrix) that 
shows how the secondaries change with changing inputs. Using the excita- 
tion matrix, we can easily predict the output behavior. Since each entry in 
the excitation table represents the next value of the secondary variables, 
each entry in the table can be either stable or unstable. By circling the stable 
states, we produce what is sometimes referred to as a transition table (or 
matrix). This table makes it easy to identify the transitions from one stable 
state to another caused by a single variable change on the inputs, as well as 
output changes produced by these input changes. 

6 . 2.1 Derivation of the Excitation Table 

Perhaps the best way to explain the process of fundamental-model sequential 
circuit analysis is with an example. Consider, therefore, the circuit shown in 
Figure 6.2.2(a). As indicated above, the first task is to identify the feedback 
paths The circuit clearly has only one feedback path, as indicated. On 
cutting this path at the output of the gate that drives it, we create the second- 

2 Although it is not always easy to identify a minimal set of feedback paths, cutting more paths 
than necessary will not change the analysis outcome, but will only make it more difficult by 
adding secondary variables. 
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ary variable Y, as shown in the figure. We also produce the purely combina- 

tional circuit shown in Figure 6.2.2(b). The excitation equation for this sec- 
ondary variable is now easily derived: 

Y=DG + y(D + G ) (6.2.1) 

We may observe also from Figure 6.2.2(a) that the output is simply equal to 
the secondary variable, so 

Z = Y (6.2.2) 

If Equation (6.2.1) is now plotted in a Karnaugh map, we obtain the 
excitation table shown in Figure 6.2.3(a). Since the output, in this case, is a 
function of the secondary variable only, we have a Moore-type sequential 
circuit. To identify the behavior of this circuit on the basis of the excitation 





Figure 6.2.2 Analysis of a simple latch-mode D flip-flop: (a) circuit with a single 
feedback path; |b) feedback path cut to produce a combinational 
circuit for analysis. 
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Excitation table fa) and transition 
(b) tables (b) for the circuit of Figure 6.2.2. 



table, we first must identify the stable states. Recalling that a state is sta- 
ble” if the next value of the state variables is the same as the current value, 
we can identify those circuit states which are stable, in this example, by 
finding the entries in the table for which Y = y. Since the rows of the table are 
labeled according to the value of y, an entry in the table corresponds to a 
stable state if the plotted value for Y is the same as the row label. The stable 
states for this example are shown by the circled entries in the transition table 
of Figure 6.2.3(b). 

To see how the transition table can now be used to understand the 
behavior of the circuit, let us assume that the inputs are (D, G) = (0, 0). The 
main question is, What is the output Z? To answer this question, we must 
know the total state of the machine, where we define the total state as the 
value of both the primary variables, D and G, and the secondary variable, y. 
The total state thus corresponds to one entry in the transition table. Since we 
know the value of the inputs, we know that this entry must be one of the two 
in the column labeled (Z), G) = (0, 0) in Figure 6.2.3(b). In this case, both of 
these entries are stable. For the moment, let us assume that we are in the 
stable total state (£>, G, y) = (0, 0 1) as indicated by the asterisk (*) in Figure 
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6.2.4(a). Now, unless an input changes, we will stay in this state indefinitely, 
and the output will be Z — 1 . 

Suppose that input G changes from a 0 to a 1 . This corresponds to 
moving one column to the right, as indicated in Figure 6.2.4(a). This state, 
however, is unstable, since it requires that the next value of the state variable 
Kbe 0 when the present value y is 1 . Thus, after some delay, y will change to 
a 1 ; this change corresponds to moving up one row in the transition table, as 
shown by the arrows in the figure. The resulting total state ( D , G, y) = 
(0, 1 , 0) is stable, with an output of Z = 0. Thus we have moved from a stable 
state in which the output is 1 to a stable state in which the output is 0 by 
holding D = 0 and changing G from a 0 to a 1. As shown in Figure 6.2.4(b), 
if we now hold G at 1 and change D to a 1 , we will move to total state 
(D, G,y) = (1, 1, 1) with an output of 1. If D changes back to a 0, we will 
move back to total state ( D , G, y) = (0, 1 , 0). This loop is shown in the figure. 
In this loop we see that as long as the G input stays 1, the output will follow 
the input (i.e., if G = 1, then Z = D). 

Continuing in the above manner, we can trace out all of the paths that 
lead from one stable state to another in the transition table. Simply stated, 
the process of tracing the paths involves changing an input variable, which 
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Figure 6.2.4 

Some of the many possible transi- 
tions in the circuit of Figure 6.2.2: 

(a) transition from total state (0, 0, 

1 J to (0, I. 0J; (b) the output follows 
the input, D. as long as G is as- 
serted. 
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causes the circuit to move over a column and then, depending on whether the 
resulting state is stable or not, move up or down within this column until a 
stable state is encountered. By carrying out this analysis for all of the possi- 
ble paths, we can see that the circuit shown in Figure 6.2.2 is just the latch- 
mode D flip-flop discussed in Section 5.2. The behavior of this flip-flop can be 
described in words as having an output which is a stable 1 or 0, regardless of 
what input D does, as long as G = 0 and which takes on the value of the input 
when <3=1. The reader should trace out each of the possible transitions 
from one stable state to another to verify this behavior. 



6.2.2 Race Conditions and Cycles 

In the analysis above, we tacitly assumed that only one input changed at any 
instant of time. From a physical point of view, this seems to be a very good 
assumption, since even if “chance” causes the signals D and G, in the last 
example, to change at exactly the same instant of time, their effects on the 
outputs will occur at different times, because the propagation delays from the 
two inputs to the outputs will be different. A similar argument holds for two 
or more secondary variables changing at the same instant of time. If, how- 
ever, it is required that two secondary variables change simultaneously, then 
the behavior of the circuit may not be completely predictable. 

Consider the “fragment” of the transition table shown in Figure 
6.2.5(a). Suppose that the circuit corresponding to this table is sitting in the 




(a) 




<b) 



Figure 6.2.S Example of a noncritical race: (a) y, changes before y 0 ; (b) y 0 
changes before y, . 
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stable state (A, B, y, , y 0 ) = (0, 1, 0, 0) and input B changes from a 1 to a 0. 
The circuit will move to total state {A, B, y f , y 0 ) = (0, 0, 0, 0), which shows a 
next state value of (Ti, T 0 ) = (1, 1). This situation requires that both state 
variables change from (0, 0) to (1, 1)! From a physical point of view, the 
simultaneous changing of two signals in a circuit is highly unlikely — one is 
bound to change slightly ahead of the other. Such a condition, where two or 
race more variables are required to change at the same time, is termed a race 

condition condition. So the question is, How do we determine what happens next? In 

this case, we cannot say what happens for certain, but we can predict one of 
two outcomes. Suppose that variable y, changes first, so that (y l5 y 0 ) goes 
from a value of (0, 0) to (1, 0). This corresponds to moving to the bottom row 
of transition table, as shown in Figure 6.2.5(a). Since the resulting state is 
still unstable, requiring (yi , y 0 ) to be equal to (1, 1), the circuit has entered a 
cycle, a condition in which we move from one unstable state to another. The 
circuit must now move up a row in the table, as shown in the figure, and thus 
end in the stable state (A, B, yi, y 0 ) = (0, 0, 1, 1). Note that this transition is 
not a race, since the next change requires only a single variable change (y 0 
changes from a 0 to a 1 ; yi is already a 1 at this point). This final stable state is 
where the transition table for the circuit indicates we were supposed to end 
(we needed to go from (yi, yo) = (0, 0) to (1, 1)). 

Suppose, on the other hand, that y 0 changes first, so that (y t , y 0 ) goes 
from (0, 0) to (0, 1), corresponding to moving down one row in the transition 
table, as shown in Figure 6.2.5(b). The circuit now ends up in the total state 
(A, B, y it y 0 ) = (0, 0, 0, 1), which is also unstable, requiring (yi, y 0 ) to be 
equal to (1, 1). The circuit has thus entered another cycle and must move 
down one more row to the stable state (A, B, y t , y 0 ) = (0, 0, 1, 1), where it 
will remain until another input change occurs. 

We note in this particular example that regardless of the outcome of the 
race, the circuit will always end up in the same stable state. Such a race 
noncritical condition is referred to as a noncritical race, since the race outcome is not 

race critical in determining the final stable state. Consider, on the other hand, 

what might happen in the case illustrated in Figure 6.2.6(a). In this case, if y 0 
changes first, the circuit will not end up in total state (A, B, yi , y 0 ) = (0, 0, 1, 
1), but rather in (0, 0, 0, 1), since this is also stable. In this case, the circuit 
can end up in one of two different states, depending upon the outcome of the 
critical race race. Such a race condition is termed a critical race. 

Obviously, critical races must be avoided in designing such circuits if 
predictable and reliable behavior is to be guaranteed. We shall see in Section 
6.5 that it is always possible to eliminate race conditions in asynchronous 
sequential circuits, although there may be a cost in terms of additional hard- 
ware. In fact, it is easy to see, in the example shown in Figure 6.2.6(a), that if 
the entry in the flow table at total state (A, B, yi , y 0 ) = (0, 0, 0, 0) had been 
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Figure 6.2.6 Example of a critical race: ja) incorrect response; (b) desired re- 
sponse. 



changed from (T, , r 0 ) -(1,1) to 0, 0). as shown in Fi S ure 6.2.6(b), y, would 
have been forced to change first and the circuit would have worked correctly. 
In this case, the secondary variables would have gone through a cycle of (0, 
0) — * (1, 0) -* (1, 1), which is the final stable state. 

6.2.3 Static and Dynamic Hazards 

Before looking at some more complex analysis examples, let us consider 
another situation that can cause asynchronous circuits to operate improp- 
erly. Consider the circuit shown in Figure 6.2.7. Proceeding as was done 
above, the excitation equation for this circuit becomes 

Y = AB + Ay (6.2.3) 



/1(H) 
B( H) 




Y 



Figure 6.2.7 Circuit with a static hazard. 
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glitch 

static hazard 




(a) 



Figure 6.2.8 Excitation matrix ja) and transition matrix {b) for circuit of Figure 
6.2.7. Transition matrix shows possible glitch-induced transitions. 



Figure 6.2.8(a) shows the excitation table, and Figure 6.2.8(b) gives the 
corresponding transition table. Equation (6.2.3) has a consensus term that is 
missing, namely, By. As we demonstrated in Section 5. 1 , when such a term is 
missing in a combinational circuit, a “glitch” can occur, causing the out- 
put — the secondary variable, in this case — to momentarily change value. 
Such a situation is referred to as a static hazard, since the output is supposed 
to remain constant, or static, while an input changes. This particular exam- 
ple, in fact, is the circuit analyzed in Figure 5.1.2 with the output fed back to 
one of the inputs. As was shown in that example, the output, in this case y, 
will momentarily go to a 0 when input A goes from a 1 to a 0 if both B and y 
are initially 1. Looking at the transition table of Figure 6.2.8, this means that 
if the circuit is initially in the stable total state (A, B,y) — (1, 1 , 1), as shown 
in Figure 6.2.8(b), and A goes from a 1 to a 0, it is possible that the circuit 
could end up in stable state (A, B, y) = (0, 1, 0) rather than the one intended, 
(0, 1, 1). This is due to the fact that the glitch on the secondary variable, y, 
will cause it to momentarily go to a 0. Whether or not this momentary change 
in y causes the circuit to end in the incorrect state depends on the relative 
delays through each of the gates. Only a complete timing analysis can deter- 
mine if the circuit will operate incorrectly. However, such a hazardous situa- 
tion can always be avoided by including the consensus terms. Another way 
of putting this is that all static hazards can be avoided if all blocks of Is in the 
excitation tables for each of the secondary variables are connected by the 
redundant consensus terms. For this example, this means adding the consen- 
sus term as shown in Figure 6.2.9(a), which results in the circuit realization 
shown in Figure 6.2.9(b). 
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(a) 




Figure 6.2.9 Removal of static hazard by connecting adjacent Is with the con- 
3 sensus term: (aj excitation table with added consensus term; 

(b) added gate to remove "glitch." 



Another hazard associated with combinational circuits which can cause 
asynchronous circuits to fail is the dynamic hazard. In a dynamic hazard, an 
output may change several times for a single change in an input. Dynamic 
hazards, like static hazards, can be eliminated logically by simply rearrang- 
ing the form of the equation or by adding consensus terms. Figure 6.2.10 
shows a typical circuit that has a dynamic hazard. The unsimplified equation 
for the output of this circuit is 

f(B, p, q, r ) = rB{B + q) + pqB (6-2.4) 

Notice, in this equation, that B appears in the term BB as well as in a 
term by itself. This is a characteristic of the dynamic hazard. Figure 6.2.11 
shows the effect of this hazard on the output. It is assumed, in this figure, 
that all gate delays are the same and that inputs p, q, and r are all “high. 




Section 6.2 Analysis Problem 



213 




Figure 6.2. 10 Example of a circuit having a dynamic hazard. 

Dynamic hazards are caused by the occurrence of three or more paths from 
an input to the output, each path having a different delay. By refactoring the 
implementing equation to eliminate these multiple paths, the dynamic hazard 
can be removed. In this case, all we need do is to write the equation as 

f{B, p, q, r ) = rqB + pqB (6.2.5) 

and implement the circuit accordingly. 

6.2.4 Another Analysis Example 

Before preceeding much further, let us apply the discussion above to the 
analysis of another circuit. As mentioned at the beginning of this section, the 
first step in analyzing a fundamental mode sequential circuit is to identify and 




Figure 6.2. 1 7 Timing diagram showing the effects of the dynamic hazard. As- 
sume that signals p, q, and rare all high. 
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cut the feedback paths so that a purely combinational circuit results. In many 
cases the location of these feedback paths may not be obvious. Take, for 
example, the circuit shown in Figure 6.2.12. It would appear that there are 
six feedback paths: between gates 3 and 5, 3, and 4, 4 and 6, 1 and 2, 1 and 5, 
and 2 and 6. Notice, however, that if we break the path from the output of 
gate 2, we have broken both of the paths between 2 and 1 and 2 and 6. The 
same applies for the outputs from gates 3 and 6. Thus we only need three 
secondary variables, not six. Let us select as the secondaries the outputs of 
gates 6, 3, and 2, as indicated in Figure 6.2.12. Upon redrawing this circuit 
we get the circuit shown in Figure 6.2.13, which clearly has no feedback 
paths. The equations for the secondary variables, Y 2 , Y u and £>, are now 



yi T 
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h = y 2 (<»'2) + T + yo' 2 T = qy 2 +T + yi y 2 T 

Ti = q + yi y z T (6.2.6) 

Q = qyi + y\yjT 



Upon plotting these equations and circling the stable states, we can derive 
the transition table shown in Figure 6.2.14 from which the behavior of the 
circuit can be determined. This is done by starting in some given state, say 
total state (T 2 , Y\ , Q, T) = (0101). As shown in Figure 6.2.14, when T goes to 
0 the circuit moves to the left and then down one row, ending in the stable 
total state (1100). If T is next changed to a 1, we see from the figure that the 
machine goes to stable total state (1 1 1 1). By continuing in this fashion we can 
trace all of the possible state transitions. These are shown in Figure 6.2.14. 
Note that the output, Q in this case, changes from a 1 to a 0, or visa versa, 
only when T goes from a 0 to a 1 . Thus we see that this circuit is basically the 
edge-triggered T flip-flop shown in Figure 6.2.15. Note from Figures 6.2.12 
and 6.2.13 that P = qy 2 . An examination of the transition table of Figure 
6.2.14 shows that the stable values of P(L) will always have the same logical 
value as the stable values of Q(H). Thus P = Q(L). 

Let us now examine the circuit of Figure 6.2.12 for hazards and races. 
First consider the question of races. The transition table of Figure 6.2.14 




Q stays at 0 
Q goes from 0 to 1 
Q stays at 1 
Q goes from 1 to 0 



Figure 6.2. 14 State transition table for the circuit shown in Figure 6.2. 1 2. 
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Figure 6.2.15 

Symbol for the edge-triggered, T flip-flop. 



shows dearly that there are no allowed transitions in which more than one 
variable changes at a time. Thus there are no races. Note, however, that 
there is a four-step cycle in which only one variable changes at a time in 
going from the stable total state ( Y 2 , Y u Q, T) = (1010) to (0101). Specifi- 
cally, the cycle is (1010) — > (1011) — »■ (0011) — » (0001) -*■ (0101). 

The existence of static hazards can be determined by individually plot- 
ting Equations (6.2.6). Figure 6.2.16 shows the resulting excitation tables 
From these tables it is clear that there are no static hazards associated with 
y. and O since all groups of adjacent Is are connected. However, the transi- 
tion from a to b, shown in Figure 6.2.14 and indicated by the shaded area in 
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Figure 6.2.16 Excitation tables for the circuit of Figure 6.2. 12. 
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the excitation matrix for Y 2 , is questionable since there is no direct overlap of 
the two covers. Note, however, that since every entry in the column T = 0 of 
Figure 6 . 2.14 has Y 2 = 1, there is no way that Y z can change and therefore no 
way that the circuit can end up in a state other than {Y 2 , Y u Q, T ) = (1010). 
Thus the circuit cannot operate improperly due to static hazards. 

The final question is: Are there any dynamic hazards? Recall that a 
dynamic hazard required the existence of three or more paths from an input 
variable to an output variable. This could, of course, involve secondary 
variables as well as the primary variables. Recall also that the possible exis- 
tence of dynamic hazards is indicated by terms of the form BB. The only 
equation that has such a ter m is that for Y 2 . In this case the term is y 2 y 2 , 
which arises from the term y 2 {qyi) = yiiq + yi) appearing in the equation for 
Y 2 as given in Equations (6.2.6). Figure 6.2.13 clearly shows, however, that 
there are no more than two paths between the secondary input y 2 and any of 
the three outputs, Y 2 , Y, , and Q. Thus there can be no dynamic hazard in this 
circuit. 

We shall see in Section 6.6 that there is yet another type of hazard, 
essential called an essential hazard. The circuit of Figure 6.2. 12, although free of races 

hazard and static and dynamic hazards, does possess an essential hazard. Generally, 

the essential hazard rarely causes problems, as is the case here. 

□ 6.3 

ANALYSIS OF THE 7474 EDGE-TRIGGERED D FLIP-FLOP 

In Chapter 5 we introduced the concept of an edge-triggered clocked flip-flop 
whose outputs were unaffected by the inputs except at the time that a transi- 
tion occurred on the clock line. These flip-flops were used throughout Chap- 
ter 5 for controlling the feedback paths in clocked sequential circuits. As we 
shall see in Chapter 9, these flip-flops are also very important for use in the 
temporary storage of information in large-scale digital systems, such as com- 
puters. The two most commonly encountered flip-flops of this type are the 
7474 7474 and 74LS76 edge-triggered D and edge-triggered JK, respectively. The 

74LS76 symbols for these devices are shown in Figure 6.3.1, along with their defining 

truth tables. Each of these flip-flops has two “asynchronous” inputs, 5 (set) 
asynchronous and C (clear). These inputs are referred to as asynchronous because they 
set and clear cause the flip-flop output to be set to a 1 or cleared to a 0 regardless of the 
state of the other inputs. This is shown in the defining truth tables. 

TTL If we were to look up the 7474 in a 7400 series TTL (transistor-transistor 

logic) data book (or catalog), we would see the logic circuit given in Figure 
6.3.2(a). What we would like to do, now, is to apply the analysis procedures 
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(b) 



Figure 6.3.1 Flip-flops with asynchronous presets and clears. (a| D flip-flop, type 
7474; [bj JK flip-flop, type 74LS76. 



given in Section 6.2 to this circuit and verify that the flip-flop behaves as 
specified. Let us begin our analysis by observing how the set and clear lines 
affect the output Q . It is easily seen that if S is asserted low and C is high, the 
outputs of all of the OR gates are high, thus making the circuit output, Q, 
high, or 1, regardless of the values of D and Clk. Conversely, if S is high and 
C is low, the output of all of the AND gates will be low, causing Q to go low, 
or to 0, again without regard to the value of the other inputs. If, however, 
both S and C are high, the output Q will be affected by the inputs D and Clk 
only. Thus, to investigate the dynamic behavior of this circuit, we will as- 
sume that both of the asynchronous inputs S and C are tied to a high voltage. 
(What happens if both 5 and C are low?) Figure 6.3.2(b) shows the resulting 
simplified circuit. 

To begin our analysis of the circuit of Figure 6.3.2(b), we need to first 
identify the secondary variables corresponding to the feedback loops. It is 
not difficult to see that there are three such loops, which, when cut, produce 
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a combinational circuit. The resulting secondary variables are labeled T 0 > Y lt 
and Q, the circuit output, in this figure. With this choice for the secondaries, 
the excitation equations become 

Q = yo + yrf 

Y l = y 0 + C + Dy ] (6.3.1) 

*o = C(y 0 + yiD) 

where C corresponds to the signal Clk in Figure 6.3.2. Plotting these equa- 
tions and circling the stable states produces the transition matrix shown' in 
Figure 6.3.3. 

Using the transition table, it is easy now to verify the behavior of the 
7474. Before doing this, however, let us first examine the circuit to see 
whether there are any races or hazards. Checking for race conditions is a 
very straightforward process. A race condition will occur if two or more of 
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Figure 6.3.3 Checking for race conditions in the 7474 D flip-flop. 
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the state variables q,y\, and y 0 are required to change at the same instant of 
time. To identify a race, then, we start in a stable state and examine the 
entries in the same row to which the circuit can move, assuming that only 
one input changes at any given instant of time. If any of these entries requires 
more than one state variable to change, we have found a race. Consider, for 
example, the stable total state (C, D, q, y, , y 0 ) = (1, 1, 0, 0, 0) shown as a in 
Figure 6.3.3. Only two possible moves are allowed from here. The first is to 
the stable total state (1, 0, 0, 0, 0), called b in the figure, and the other is to 
total state (0, 1, 0, 0, 0), marked c. The second of these two is unstable, 
requiring the state variables (<?, yi, >’o), to change from (0, 0, 0) to (0, 1, 0), 
which produces a final stable state, which is state d in the figure. Since only 
one of the state variables must change in this example, no race occurs. 

Since races can also occur in cycles, we must check all of the possible 
cycles to make sure that each step in the cycle requires only a single variable 
change. Consider, for example, the cycle that occurs when we start in the 
stable total state (0, 1,0, 1,0), marked d in Figure 6.3.3 (which is the state we 
ended in, in the example above). If C now changes from a 0 to a 1, the circuit 
will move right to e in the column labeled (C, D) = (1, 1). This requires the 
state variables to change from ( q , yi, y<>) - (0, 1, 0) to (0, 1, 1), which forces 
the system to move up one row to/. But the entry in this row requires the 
variables to change again from (0, 1, 1) to (1, 1, 1), which takes us down three 
rows to the stable total state (1, 1, 1, 1, 1). Since each step in this cycle 
requires only a single secondary variable change, no race condition exists. 
Proceeding in this manner with each of the other stable states in the transi- 
tion matrix, we can verify that this circuit is race-free. 

To determine whether the circuit is free of static hazards, we need only 
check the excitation tables for each of the state variables to determine 
whether groups of adjacent Is are connected by overlapping groups of Is. 
Figure 6.3.4 shows the excitation tables for each of the state variables. Note 
that all groups of Is overlap, so that no glitch can occur on any of the state 
variables and so no static hazard exists in this circuit. 

Finally, we note that since none of the equations has the characteristic 
form shown in Equation (6.2.4), which indicates the presence of a dynamic 
hazard, this circuit is free of dynamic hazards as well. 

Analysis of the functional behavior of this circuit can now be carried out 
by tracing the various paths through the transition table which the circuit can 
follow. Take, for example, the situation where C and D are both 0 and the 
output Q = 1. If C goes high, the truth table for this flip-flop, given in Figure 
6.3.1, indicates that the output is to change to a 0. This corresponds to the 
path shown in Figure 6.3.5 starting in a total stable state (C, D , q, y t , y<>) = 
(0, 0, 1, 1,0), marked a in the figure, and ending at d, which is total state 
(1, 0, 0, 0, 0). Observe the three-step cycle required to get to the final stable 
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state : a to b, b to c, and c to d. If, now, C returns to 0, the circuit will move 
over to the unstable total state (0, 0, 0, 0, 0), or entry e, and then down to the 
final stable state (0, 0, 0, 1 , 0), entry /, The reader can trace through the many 
other possible paths in the circuit in a similar fashion. 

Before leaving this example, it might be helpful to examine the time 
behavior of this circuit. Consider, for example, the path taken by the circuit 
in going from stable total state (C, D, q, , yo) = (0, 1 , 0, 1 , 0) to (1 , 1 , 1 , 1 , 1), 
which is shown as the path d, e, f, g in the transition matrix of Figure 6.3.3. 
Figure 6.3.6 shows the sequence of changes occurring during this path transi- 
tion. The timing diagrams shown in this figure are similar to what one might 
see on an oscilloscope and verify the circuit behavior as predicted by the 
transition matrix. Note in this example that output Q( H) changes before the 
output <2(L) = y. This is typical of flip-flops having both asserted high and 
asserted low outputs present. 
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Figure 6.3.6 Timing diagram for the 7474, showing a cycle in the state variables. 



□ 6.4 

SYNTHESIS OF ASYNCHRONOUS SEQUENTIAL CIRCUITS 

The synthesis process for asynchronous sequential circuits begins by creat- 
primitive ing the primitive flow table, a table analogous to the state table of synchro- 

flow table nous sequential circuit design. As was the case in clocked circuits, the next 

steps involve, possibly, the simplification of the table followed by assigning 
values to the required state variables. In Chapter 5 we paid little attention to 
how the variables were assigned, since the assignment could not affect the 
operation of the circuit, although it could affect the complexity of implemen- 
tation. In the case of asynchro ous circuits, however, this somewhat cava- 
lier attitude must be avoided, here the state assignment is critical in creating 
circuits that are race-free. We also did not worry too much about glitches in 
Chapter 5, since the state could change only on a clock edge and by the time 
this occurred any glitches in the circuit would be gone. In the present case, 
however, glitches can cause the circuit to malfunction and thus must be 
avoided if we are to design reliable asynchronous circuits. 

It is clear from this that the design of asynchronous sequential circuits 
must be attended with a great deal more care than was required for synchro- 
nous sequential circuits. Although the design processes are similar in most 
respects, the problems of races and hazards require some modification in the 
procedure. Perhaps the best way to describe the process of designing asyn- 
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chronous sequential circuits is with an example. Consider, then, the follow- 
ing problem. 

DESIGN PROBLEM 

There are many applications where we would like to be able to turn a clock 
on and off using a manual switch. Usually a clock consists of pulses occur- 
ring at some fixed rate. We might be tempted to solve this problem simply 
by ANDing the switch with the clock. The difficulty is that since the switch 
is not synchronized to the clock, we might turn the switch on in the middle 
of a pulse and in so doing produce an output pulse shorter than that re- 
quired by whatever system is being driven by the clock. Similarly, our 
switch might turn off in the middle of a pulse. Thus, what we want is a 
circuit that will produce nothing but complete pulses as long as the switch is 
on, regardless of when it was turned on or off. We will refer to this circuit 
as a gated oscillator. 



6.4.1 Derivation of the Primitive Flow Table 

One of the most direct ways in which we can begin the design process is to 
construct a timing diagram showing the various ways in which the inputs can 
change and showing also the output desired for each combination of inputs 
and each sequence of combinations. Figure 6.4.1 shows a typical timing 
diagram for the gated oscillator. A state in this timing diagram will be taken 
as a unique combination of the inputs and the associated outputs. Thus we 
begin the design process by identifying the sequence of states encountered in 
the timing diagram. We will arbitrarily start at the state labeled 0 in Figure 
6.4.1, in which (C, G, Z) = (1, 0, 0). (We are assuming here that all assertion 
levels are high.) The next state in the timing diagram occurs when C goes 
low'. We will call this state 1. When C goes back high, we have returned to 
state 0. Now if G goes high while C is high, we move to a state not yet 




Figure 6.4. t Typical timing diagram for the gated oscillator. 
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encountered. We will call this state 2. Proceeding through the timing diagram 
and introducing new states as necessary, we produce the sequence of states 
shown in the figure. 

The next step in the design process is to plot the sequence of state 
primitive changes in a table similar to a state table called a primitive flow table. A 
flow table primitive flow table has a single stable state associated with each row. This 
stable state is circled. The other entries in the row show to what stable state 
the circuit is to move for each of the possible changes in the inputs. Figure 
6.4.2(a) shows the completed primitive flow table generated from the timing 
diagram of Figure 6.4.1. To illustrate how this table is derived from the 
timing diagram, consider the first row of the table, which corresponds to the 
stable state 0, circled in the figure. In the timing diagram, we move from state 
0 to state 1 when the inputs change from (C, G) - (1, 0) to (0, 0). Thus, an 
uncircled 1, indicating an unstable state, is entered in the first row under the 
column labeled (C, G) = (0, 0). We now create a new row having a circled 1, 
corresponding to a stable state, in this column, the second row in Figure 
6.4.2. This will be the state we end up in after C changes from a 1 to a 0. The 
transition from stable state to stable state in this flow table is exactly equiva- 
lent to the way we move around in a transition table. 

Consider next the move from state 1 to state 0 in the timing diagram. 
When this occurs we must place an entry in the primitive flow table indicat- 
ing an unstable 0 in the column headed (1,0). This, of course, means that we 
will return to the stable state 0 in the first row. In the timing diagram, the next 
change is from state 0 to a new state labeled 2 corresponding to an input of 




Figure 6.4.2 Primitive flow table derived from the timing diagram of Figure 6.4. 1 : 
(a) table derived directly from timing diagram; |b) added missing 
transitions. 
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(C, G) = (1, 1). Thus we make an entry of an uncircled 2, indicating an 
unstable state, in the first row in the column labeled (C, G) = (1, 1). We must 
now create a new row having a stable state 2 in this column. This becomes 
the third row, in which a circled 2 appears, again indicating a stable state. 

If we continue to create new rows in this way on the basis of the 
sequence of states described by the timing diagram of Figure 6.4.1, we will 
end up with the primitive flow table for the gated oscillator shown in Figure 
6.4.2(a). Note, in this table, that a number of transitions have not occurred in 
the timing diagram. For example, no transition has occurred in the first row 
from the stable state 0 to the column headed (C, G) = (0, 1). Such a transition 
would require that (C, G) change from (1, 0) to (0, 1), which means that both 
inputs would have to change simultaneously, a situation we have assumed all 
along cannot happen, or, at worst, is highly unlikely. Thus we will not worry 
about this entry and will simply take it as a don’t care. Two other entries in 
the table cannot be dismissed so lightly. These are labeled * and y in Figure 
6.4.2. Neither of these entries requires both inputs to change simultaneously, 
and so both are possible, although no transitions into these states have oc- 
curred in the sample timing diagram. These entries can be handled in one of 
two ways: either fill in the entry with a reasonable value, or leave the entry as 
a don’t care. 

Filling in entries in the primitive flow table that do not occur in the 
sample timing diagram with “reasonable” values is usually not difficult. 
Consider, for example, the situation that exists if we start in stable state 2 
and have the inputs change from (C, G) = (1, 1) to (1, 0), corresponding to 
moving from stable state 2 to the position labeled x in the figure. This situa- 
tion happens when gate G goes high while C is high and then goes low before 
C goes back low. We may consider this a kind of glitch and simply ignore 
such spurious changes by forcing the circuit to go back to state 0 so that the 
output will not be affected, as shown in Figure 6.4.2(b). A similar situation 
exists if we start in stable state 5 and the inputs change from (1, 0) to (1, 1), 
the entry labeled y in the figure. This corresponds to G dropping in the middle 
of a clock pulse C and then going high again before the clock goes away. 
Again we have a glitch on G, and again, we ignore it by causing the system to 
return, in this case, to state 4, so that the output stays 1. The final primitive 
flow table with all of the possible transitions shown is given in Figure 
6.4.2(b). 

6.4.2 Reduced Flow Table 

The next step in designing an asynchronous sequential circuit is to reduce the 
primitive flow table to a table having as few rows as possible. We would like 
to do this because the flow table will eventually become the excitation table, 
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in which the number of rows determines the number of state variables and, 
therefore, the complexity of the implementation. 

The process of reducing the primitive flow table involves “merging” 
sets of two or more rows into a single row. We may merge two rows of the 

primitive flow table if, when the state labels in corresponding columns are 

matched up, each pair contains either two like entries or at least one don’t 
care. When two rows are merged, a stable entry and an unstable entry 
become stable and two unstable entries stay unstable. For example, the first 
and second rows of the primitive flow table of Figure 6.4.2(b), corresponding 
to stable state 0 and 1, respectively, can be merged. The resulting row would 
have a stable 1 in the first column, an unstable 3 in the second column, an 
unstable 2 in the third column, and a stable 0 in the last column. Continuing 
to compare the rows in pairs, we can see that the rows corresponding to 
stable states 0 and 2 as well as those corresponding to stable states 1 and 2 
merger can merge. We can describe all of this by a merger diagram showing which 

diagram rows can merge and what the output value is that is associated with each row 

in the primitive flow table. Such a merger diagram is shown in Figure 6.4.3. 
In this diagram, the row state is given inside the circle and the output corre- 
sponding to this row is shown adjacent to the circle. We refer to the circled 
entries as nodes. Nodes which correspond to rows that can be merged are 
connected by a line, or edge. Thus, nodes 0 and 1 are connected, as are 0 and 
2 and 1 and 2. The remaining connections in the merger diagram can be 
verified by observing, in Figure 6.4.2, that the corresponding rows can 
merge. 

In general, a set of rows in a primitive flow table can be merged into a 
strongly single row if the set is strongly connected in the merger diagram. “Strongly 

connected connected” means that each state in the set can be merged with every other 
state in the set. For example, Figure 6.4.4 shows strongly connected merger 
diagrams for four and five states. Since our objective is to reduce the primi- 
tive flow table to a minimum number of rows, we would like to find the 




Figure 6.4.3 

Merger diagram for the primitive flow table of 
Figure 6.4.2. 
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Figure 6.4.4 Strongly connected groups of four and five states. 



strongly connected subsets of rows in the merger diagram and combine these 
into a single row in the merged flow table. Referring now to Figure 6.4.3, we 
see that the group of states 0, 1, 2 and the group 3, 4, 5 are both strongly 
connected and so each may be merged into a single row to produce the 
merged two-row flow table shown in Figure 6.4.5(a). 





Figure 6.4.5 (aj Developing the merged flow table; (bj output matrix. 
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Since the outputs in the merged flow table are associated with the indi- 
vidual stable states and not the separate rows (we merged the rows without 
regard to the associated outputs, after all), we must also derive an output 
matrix to accompany the merged flow table. On the surface, this is easy 
enough to do: simply place the output associated with each stable state in 
the corresponding position of the output matrix. For now, let us also set the 
output at unstable state entries to the value of the output associated with 
the corresponding stable state. Figure 6.4.5(b) shows the resulting output 
matrix. 



6.4.3 Generation of the Excitation Table and 
Final Circuit 

Once we have obtained the merged flow table, we need to convert it to a 
transition matrix from which we can derive the equations for the secondary 
variables and thus implement the design. To get the transition matrix, we 
must first determine the number of state variables required and then assign 
them values for each row in the flow table. In the present example, this is 
easy. Since there are only two. rows, we need only one state variable. Call 
this variable y. Figure 6.4.6 shows the resulting transition matrix, and Figure 
6.4.7 shows the excitation and output matrices for the secondary variable y. 
The equations for the secondary variable and the output can now be derived 
from the excitation matrix and the output matrix: 

Y=CG + yC + yG (6.4.1) 

Z = yC (6.4.2) 



We have included the term yG in Equation (6.4.1) to prevent a static hazard. 
Figure 6.4.8 shows the resulting circuit, which realizes the gated oscillator 
required by the problem statement. 



U G 

y \ 00 01 II 10 




Figure 6.4.6 

Resulting transition matrix. 
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Figure 6.4.7 Final excitation and output matrices. 



6.4.4 Merging When Multiple Choices Exist 

Before we proceed with our discussion of the design process, let us pause for 
a moment and take a closer look at the merging process. As indicated in the 
last example, the merger diagram is set up by comparing pairs of rows. As 
pointed out above, two rows can be merged if in each column either the state 
labels are the same or one or both entries are don’t cares. By comparing all 
possible pairs of rows in this way, the merger diagram is created. The next 
problem is to identify the largest strongly connected subsets of these rows 
which can merge into a single row. In the example just given, this choice 
turned out to be unique. This, usually, is not the case. The question then is: 
Given multiple ways in which rows can be merged, how do we select from 
the various possibilities? 

In general, the objective of merging is to reduce the number of rows in 
the flow table to a minimum. Thus, if a merger diagram shows that multiple 
choices are possible, each producing the same minimal number of rows in the 
merged flow table, we must base our choice on some other criteria. Observe 
that if a set of rows are merged all of which have the same output, then the 




Figure 6.4.8 Final realization of the gated oscillator. 
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(a) 





(b) 



Figure 6.4.9 Example of multiple choices for row merging: (a) merging rows with 
common outputs; (bj merging rows with mixed outputs. 



output will be a function only of the state variables corresponding to the 
merged row. If, on the other hand, rows are merged which have different 
outputs, then the output will be not only a function of the state variables, but 
also a function of the inputs, as was the case in the above example. Thus we 
may conclude that when a choice for merging is present we should select a 
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output merger that reduces the complexity of the output function. Consider, for 

function example, the merger diagram shown in Figure 6.4.9. In this diagram there are 

two possible mergers: (0, 1, 2) and (3, 4), on the one hand, and (0, 1) and 
(2, 3, 4), on the other. The first of these might produce the merged flow table 
shown in Figure 6.4.9(a), from which we easily observe that the output Z is 
just equal to the state variable y used to encode the rows of the flow table. 
The second possible merger, shown in Figure 6.4.9(b), might produce the 
merged flow table and the corresponding output table shown, from which we 
see that the output Z is equal to yB. In the first case, no extra hardware will 
be required to implement the output Z. In the second case, we will need to 
add an extra gate to implement this output. 



□ 6.5 

METHODS TO AVOID RACES 

The example designed above turned out to be a fairly simple circuit. Unfortu- 
nately, other asynchronous designs involve problems that did not appear in 
the last example. One such is the problem of assigning states so that races are 
avoided. As was mentioned earlier, races can always be eliminated. How- 
ever, this may require adding states to the merged flow table. 

Let us begin this discussion with an example. Consider the merged flow 
table shown in Figure 6.5.1(a). Since there are four rows in this table, two 
state variables are required to encode the corresponding four states. The 
problem now is to assign values to the state variables so that no races will 
occur. Recall that a race condition occurs if two or more state variables are 
required to change at the same instant of time. Thus, if the merged flow table 
indicates that the circuit is to move from a row with an unstable state to a row 
that is stable, the assignment of the state variables for these two rows must 
differ in only one bit. We will refer to these rows as being adjacent. For 
example, consider the column labeled (x, y) = (0, 0) in Figure 6.5.1(a). In this 
column, row c must be adjacent to b so that when the circuit moves from 
stable state 3 to stable state 1, no race will occur whenever y changes from a 
1 to a 0 and x is 0. Similarly, rows a and d must be adjacent. Examination of 
the column (x, y) - (1, 1) shows that rows a and c as well as rows b and d 
adjacency must also be adjacent. These required adjacencies will be shown in an adja- 
diagram cency diagram, in which rows that must have assignments differing in only 

one variable are connected by a solid line. Figure 6.5. 1(b) shows the resulting 
required adjacencies. 

Now consider the remainder of the merged flow table. First examine the 
column labeled ( x , y) = (1, 0). Note here that there are two unstable states 6. 
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C[» Go 



(c) W 

Figure 6.5.1 Example of avoiding races by creating cycles: |a] merged flow table; 

(b| adjacency diagram; fc) state table; (d) resulting transition matrix. 



To move directly to the stable state 6 from either of these unstable states 
would require that both rows a and b and rows c and b be adjacent. Since 
rows b and c are already required to differ in only one bit, we need worry 
only about the adjacency of rows a and b. In this case, we do not have to 
make these two rows adjacent, since we could create a cycle by making the 
unstable state 6 in row a go, first, to the unstable state 6 in row c and then to 
the stable state 6 in row b. Thus the adjacency of rows a and b is not 
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essential. This is shown by the dotted line in the adjacency diagram. An 
identical argument holds for the adjacencies required in column (x, y) = 
(0, 1). In this case, however, the adjacencies are a and b and a and d. Since a 
must be adjacent to d, we can again create a cycle so that a first goes to d and 
then to b. Thus the adjacency between a and b is not essential. Figure 
6.5.1(b) shows the completed diagram and an assignment for the state vari- 
ables that will produce the required adjacencies. Figure 6.5.1(c) shows the 
flow table in terms of the rows and explicitly shows the necessary cycles. 
This table is basically equivalent to the state table of Chapter 5. Using the 
state assignments indicated, Figure 6.5.1(d) shows the resulting transition 
matrix from which the equations for the secondary variables may be derived. 

Consider next the merged flow table of Figure 6.5.2(a). The adjacency 
diagram for this flow table is shown in Figure 6.5.2(b). It should be fairly 
clear there is no way that, using only two state variables, we can make row a 
simultaneously adjacent to rows b, c, and d. However, if we use three state 
variables instead of two to encode the rows of the flow table, we may be able 
to accommodate all of the required adjacencies by creating cycles. Figure 
6.5.3 shows all possible-adjacencies for each of the eight assignments on the 
three variables. Using this adjacency map, we may derive the appropriate 
cycles to generate a race-free transition matrix. Let us begin with the re- 
quirement that row a be adjacent to rows b, c, and d. This is arranged by 
assigning a to (0, 0, 0), b to (0, 0, 1), c to (1, 0, 0), and d to (0, 1, 0), as shown 
in the figure. To make row d adjacent to row c, we can create a cycle through 
assignment (1,1, 0), which is referred to as row e in the figure. Similarly, 




Figure 6.5.2 Flow table in which cycles cannot be used to eliminate races: 
(a) merged flow table; fbj adjacency diagram. 
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Figure 6.5.3 

Map of adjacent assignments. 
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Figure 6.5.5 



Using don't cares to create cycles: (a] flow table fragment; fb) adja- 
cency diagram; (c) state table fragment 
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rows b and c can be made adjacent via assignment (1, 0, 1), or/in the figure; 
and assignment (0, 1, 1), or g in the figure, makes a cycle to connect rows b 
and d. Figure 6.5.4(a) shows the resulting state table, and Figure 6.5.4(b) 
shows the final transition table. Note that all of the entries in the transition 
table not involved in any of these paths are assigned don’t care values 
(why?). 

Before leaving this section, we should note that don’t cares in the 
merged flow table can always be used to create cycles and thus avoid races. 
Figure 6.5.5 shows a simple illustration of this principle. 



□ 6.6 

ESSENTIAL HAZARD 

The essential hazard is quite different from the hazards encountered to this 
point. This hazard is a function not of the circuit design, but, rather, of the 
problem statement itself. Thus the essential hazard cannot be removed by 
simply rearranging the form of the implementing equations: it can be elimi- 
nated only by the introduction of delay in the circuit. Fortunately, the essen- 
tial hazard rarely causes troubles. However, the designer of an asynchronous 
circuit must be on the lookout for this problem and, when it is encountered, 
must analyze the resulting circuit to ensure that inherent circuit delays in the 
design will not cause malfunction. If necessary, the designer will have to 
introduce physical delay in the design to eliminate problems caused by this 
hazard. 

The essential hazard is fairly easy to identify in the merged flow table. 
essential An essential hazard occurs whenever a single change in an input variable 

hazard causes the circuit to end in a different state from the one it would end in if the 

variable changed three times in succession. Figure 6.6.1(a) shows a flow 
table having this characteristic, and therefore, an essential hazard. For ex- 
ample, if x = 0 and we start in state 1, a single change of x to a 1 takes us to 
state 2. Two more changes of x, from 1 to a 0 and then back to a 1, takes us to 

state 4, not state 2, and so an essential hazard is indicated. To illustrate how 

the essential hazard operates, consider the transition table shown in Figure 
6.6. 1(b). Assume that we start in stable state (y, , y 0 ) = (0, 0) and x goes from 
0 to 1. Suppose, further, that this change in x is delayed much longer in 
arriving at secondary yi than at y 0 - Now T 0 , receiving the change in x and 
also seeing yi = 0, moves to total state (y,,y 0 ,*) = (001), which requires that 
it change to a 1. If T, sees the change in y 0 but not yet the change in x, the 
system appears to be in total state (010) to V , , which requires it to change to a 
1. This change in Y x makes T, see total state (1 10), whereas T 0 now sees total 
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Figure 6.6. 1 Essential hazard: (a) flow table with essential hazard; (b| faulty 
J behavior. 



state (111). Suppose at this time that the change in x is seen at Y x . Y x now 
moves over to total state (111). Since Y 0 is also there and is required to 
change to a zero while Y\ is to remain a 1, the system moves to the total state 
(101), which is stable. Thus, because of the propagation delay difference in 
the input reaching the two secondary variables, the circuit ends up in state 4 
when it should end in state 2. 

As can be discerned from this discussion, as long as the delays from an 
input to the circuit secondaries are held close to the same, the essential 
hazard will not generally cause difficulties. However, any circuit possessing 
an essential hazard must be examined to determine whether erroneous be- 
havior will result. This analysis basically requires deriving a timing diagram 
for the conditions associated with the hazard. Problem 6.11 at the end of the 
chapter will take a closer look at this process. 



SOME DESIGN EXAMPLES 

Now that we have studied the process of asynchronous sequential circuit 
synthesis, let us apply these techniques to the design of some useful circuits. 
Four designs will be carried out in this section: a switch debouncer, a pulse 
generator, a double edge-triggered SR flip-flop, and the 7474 edge-triggered 
D flip-flop analyzed in Section 6.3. 
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Figure 6.7.1 

Switch debouncer circuit. 



6.7.1 Circuit to Debounce Switches 

Mechanical switches such as light switches, toggle switches, and the like are 
usually thought of as devices which, when thrown one way, open a circuit 
and, when thrown the other, close the circuit. The switch shown in Figure 
6.7. 1 is called a double-throw switch, since it controls two circuits: one when 
in the up position and one when in the down position. Since switches are 
mechanical devices, the rocker arm — the portion of the switch that moves 
from one contact to another — has mass. The contacts also possess a certain 
amount of elasticity. Thus, when the rocker arm strikes a contact, it will 
usually “bounce,” perhaps several times, before finally coming to rest. On 
the other hand, when a contact is broken, if the switch is clean, the break will 
be “clean.” Figure 6.7.2 shows the voltages that might appear at the contacts 
A and B in Figure 6.7. 1 as the switch moves from contact B to contact A and 
then back again. Note, in this figure, that when this switch is thrown there 
will be a period of time during which no contact is made. Switches of this 
type are referred to as break before make switches. What we would now like 
to design is a circuit that will produce a single output change for each single 
change in the switch position. This circuit is, sometimes, referred to as a 
switch debouncer. 

We will begin the design using the example timing diagram shown in 
Figure 6.7.2. Since this timing diagram represents all of the possible transi- 
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Flgure 6.7.2 Typical timing diagram illustrating the switch bounce. 
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(b) 



Figure 6.7.3 Primitive flow table fa) and merger diagram (b) for the debouncer. 



tions that can occur, an entry not filled in the primitive flow table can be 
considered a don’t care. The primitive flow table derived from this timing 
diagram and the corresponding merger diagram are shown in Figure 6.7.3 
After merging state 0 with state 1 and state 2 with state 3, we end up 
with the two-row flow table shown in Figure 6.7.4(a). When we make the 
assignment on the single state variable y, as indicated, the corresponding 
excitation table becomes as shown in Figure 6.7.4(b). The resulting excita- 
tion equation for the secondary variable Y becomes 

Y = B + yA (6.7.1) 

The output Z is clearly equal to the secondary variable y, from these tables. 
Figure 6.7.5 shows the resulting implementation, which, interestingly, is 




Figure 6.7.4 Final flow table fa) and excitation matrix (bj for the switch de- 
bouncer. 
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nothing but the cross-coupled NAND 
5. 



gate SR flip-flop discussed in Chapter 



6.7.2 Pulse Generator 

A very useful piece of test equipment is a circuit that can produce an output 
pulse whenever a switch is pressed. Usually, the pulse required is much 
shorter than the time during which the switch is pushed. In this example, we 
will assume that we have a “debounced” switch and a regularly occurring 
string of clock pulses that can be used to create the single pulse required. 
This circuit is very similar to the gated oscillator described in Section 6.4. 
The principal difference is that the output is one clock cycle here, rather than 
several cycles as in the case of the latter. 

Figure 6.7.6 shows a typical timing diagram that might occur in the use 
of this pulse generator. On the basis of this timing diagram we can generate 
the primitive flow table shown in Figure 6.7.7. There are four entries in this 
flow table which do not have corresponding occurrences in the timing dia- 




Ffgure 6.7.6 Typical timing diagram for a pulse generator. 
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Figure 6.7.7 Primitive flow table for the pulse generator. 



gram. These are labeled w, x, y, and z in the figure. A thoughtful analysis of 
each of these shows how we might logically assign the entries. For example, 
the entry marked w corresponds to the situation where the circuit is sitting in 
stable state 2 and G goes low. Since we got to state 2 by starting in state 0 and 
having G go high, this entry corresponds to a glitch on input G and thus we 
may ignore it and return to state 0. The remaining three entries correspond- 
ing to the situations shown in the figure are assigned values similarly. 

Upon merging states 0, 1, and 6, states 4 and 5, and states 7 and 3, in 
accordance with the merger diagram of Figure 6.7.8(a), we obtain the merged 
flow table shown in Figure 6.7.8(b). The adjacencies required to avoid race 
conditions are shown in Figure 6.7.9(a). Using the assignments shown, we 
may obtain the transition matrix shown in Figure 6.7.9(b). Note that the 
entry labeled X in this figure can be assigned any value except 11. This is due 
to the fact that the race condition that exists in this column is noncritical. 

The output matrix, which is shown in Figure 6.7.9(c), may be derived on 
the basis of the following considerations. First, all outputs corresponding to 
stable states must be assigned in accordance with the outputs given in the 
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primitive flow table. Second, outputs corresponding to unstable entries in the 
transition table must be assigned so that no change occurs in an output when 
the circuit moves between stable states requiring the same output. If, how- 
ever, the circuit is to move from a stable state having one output value to a 
stable state having another, the outputs can be assigned as don’t cares, since 
we don’t care whether the output changes after arriving at the final state or 
before. This is the situation with the outputs labeled a, b, and c in Figure 
6.7.9(c). The don’t care entry in the transition matrix must, however, be 
treated a bit more carefully. If the don’t care condition can actually be 
reached from a stable state in the row, then the don’t care must be assigned 
so that the output will not momentarily change. Usually, however, the don’t 
cares cannot actually be reached from a stable state by a single input change 
(why?). This is the case of entry d in the output matrix. In such a case, the 
entry may be assigned a don’t care value. 

The excitation tables generated from the transition table are shown in 
Figure 6.7.10. By making sure that all adjacent groups of Is are covered in 
the excitation tables and using the output matrix shown in Figure 6.7.9(c), we 
find the resulting implementing equations to be 

Y\ - y\G + Cy 0 

To = Cy 0 + CGy, + yiyoG (6-7-2) 

Z = Cyo 

Figure 6.7.11 shows a direct implementation of the equations (6.7.2). 
Although this circuit will work as shown, we can simplify it somewhat. Note 





Figure 6.7.10 Excitation matrices for trie pulse generator. 
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that in the equation for F 0 we require the generation of the complement of yj . 
Although this signal is not directly present in the circuit, we can find a signal 
that will work. If we assume that the signal at point a in Figure 6.7.11 is 
asserted high, then the function realized is G + yi . If now we connect point a 
to point b, removing, of course, the level shifter c, the resulting equation for 
Y 0 becomes 

Y 0 = Cyo + CG(G + yi) + yoG{G + yi) (6.7.3) 

which is logically equivalent to the corresponding equation given in (6.7.2). 
We can do this, however, only if no hazards are introduced by this factoring. 
In this case, there are none. The verification of this fact will be explored in 
Problems 6.9 and 6.10 at the end of the chapter. The resulting realization is 
shown in Figure 6.7.12. 

6.7.3 Double Edge-Triggered 5/7 Flip-Flop 

The circuit we will design next is one that can be very useful in certain 
applications but is not currently available as an integrated circuit <IC). This 
circuit is basically a normal SR flip-flop except that the output is set if a low- 
to-high transition occurs on the set input and is cleared, or reset, if a low-to- 
high change occurs on the reset input. The output of this flip-flop is unaf- 
fected by the input at any other time. From this verbal statement, the 
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primitive flow table can be derived; it is shown in Figure 6.7.13(a). The 
corresponding merger diagram is shown in Figure 6.7.13(b). Merging the 
pairs of states 0 and 3, 1 and 2, 5 and 7, and 4 and 6 will produce the merged 
flow table given in Figure 6.7.13(c). 

In order to avoid races, we may assign states as indicated in the adja- 
cency diagram shown in Figure 6.7.14(a) to produce the transition matrix 
shown in Figure 6.7.14(b). (Note that the rows of the transition table are not 
in the same order as in the merged flow table.) This transition matrix leads to 
the following equations for the secondary variables: 

T, = yjj> + yoS + yi R (6 7 4) 

Jo = y\R + yoS + y 0 y\ 

Note here that cycles were created, as indicated, in columns (S, R ) = (0, 1) 
and (1 , 0) to accommodate the transitions from state 2 to state 3 and state 0 to 
state 1 without creating a critical race. 

The output matrix for this circuit is shown in Figure 6.7.15. As m the 
last example, all stable states are assigned outputs corresponding to those 
required in the primitive flow table. Unstable states that are encountered in 
moving between two stable states with the same output are assigned the 
common output value. The entries in the table shown in Figure 6.7.15 
marked c and d become don’t cares, because they are involved in a transition 
from a stable state with one output value to another stable state with a 
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Figure 6.7. 1 3 Derivation of the merged flow table for the dual edge-triggered 
SR flip-flop: (a) primitive flow table; fb) merger diagram; (c) merged 
flow table. 



different output. The entries marked a and b in the figure are a bit different. 
These entries are involved in the cycles shown in the transition matrix. 
Figure 6.7.14(b). We can make the output associated with the first step in 
each of these cycles a don’t care. However, the second step must be associ- 
ated with the final output desired (why?). We thus end with the output matrix 
shown, from which the equation for the output becomes 



Z = y. 



(6.7.5) 
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Figure 6.7.1 4 Resulting transition matrix for the special SR flip-flop: (a) adjacency 
diagram: (b) transition table. 

a not too surprising result, considering the way in which the flow table was 
merged. . , 

Implementing Equations (6.7.4) and (6.7.5) directly results in the circuit 
shown in Figure 6.7. 16. As in the last example, note that if the signal at point 
a in the circuit is assumed Jo be asserted high, then the logical function 
implemented at this point is S + yo- Further, note that if the signal at point b 




Figure 6.7.15 

Output matrix for the SR flip-flop. 
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Figure 6.7. 1 6 Direct implementation of the SR flip-flop defined by Equations 
(6.7.4) and (6.7.5). 



is assumed to be asserted high, then the logical function implemented at this 
point is y 0 + yi . Now if we connect point a to point c and point b to point d, 
removing, once again, the level shifter e, we will end up with a circuit 
realizing the following equation for 3^ : 

Yy = y\R + )>i(;yi + y 0 ) + 5(5 + y 0 ) (6.7.6) 

which is logically equivalent to the equation given for Y x in equation pair 
(6.7.4). Before implementing the function in this form, we must, of course, 
verify that no hazards are created by this factoring. 

The reader can easily verify that there are no static hazards by observ- 
ing that all adjacent groups of Is in the transition matrix are connected by 
Equations (6.7.4). A possible dynamic hazard,_however, is indicated in 
Equation (6.7.6) by the existence of the terms y\R + yi y). As mentioned in 
Section 6.2.3, although this is an indicator, a dynamic hazard requires three 
or more paths from an input, y x in this case, to an output, Y x here, all having 
different path lengths before a glitch can occur. In the case at hand there are 
in fact three paths but only two different path lengths, two paths of length 2 
and one of length 3. Thus this dynamic hazard cannot cause problems. The 
final realization for this dual edge-triggered SR flip-flop is shown in Figure 
6.7.17. 
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6.7.4 Design of the 7474 

Edge-Triggered D Flip-Flop 

In Section 6.3, we analyzed the 7474 and demonstrated that its behavior is as 
defined by the manufacturers. Now that we have investigated the process of 
asynchronous circuit synthesis, it might be useful to design the 7474 and see 
if our design matches that of the actual device. We will begin this design, as 
usual, by deriving the primitive flow table. As was done in previous exam- 
ples, we derive the primitive flow table by accounting for all possible relative 
changes in the inputs C and D. Figure 6.7.18 shows the completed flow table 
based on identifying these changes. For example, if we start in state 1, which 
has a corresponding output of 0, and the clock, C, goes high, the output 
should stay 0, since input D is 0. This corresponds to moving to state 2 in the 
figure. If, however, D goes to a 1 before the clock changes, we will go to state 
3. In this state, the circuit will be waiting for a 0-to-l change on C, which will 
cause the output to take on the value of D by going to state 5. By continuing 
in this way, we account for all of the possible transitions in the primitive flow 
table. 

We next must reduce the primitive flow table by merging appropriate 
states. Figure 6.7.19(a) shows the merger diagram corresponding to the prim- 
itive flow table of Figure 6.7.18. From this diagram, we can see that states 1 , 
2, and 4 and states 5, 6, and 8 can each be merged into a single row. We will 
leave states 3 and 7 as single rows in the flow table. Figure 6.7.19(b) shows 




252 



Chapter 6 Asynchronous Sequential Circuits 




(a) (b) 



Figure 6.7.20 Transition table for the 7474: (aj adjacency diagram; (bj transition 
matrix. 

the resulting merged flow table. Note that since the rows that were merged 
had the same outputs, the output becomes associated with rows of the 
merged table. 

The adjacency diagram shown in Figure 6.7.20(a) shows that no prob- 
lem exists with assigning states to avoid races. The assignment shown in the 
figure is one of several possibilities that will work. On the basis of this 
assignment, we may derive the transition table shown in Figure 6.7.20(b). 




Figure 6.7.2 1 Excitation matrices for the 7474 D flip-flop. 
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Figure 6.7.22 Direct implementation of the 7474 using seven gates. 



If we now look back at the transition table derived during the analysis of 
the 7474 and shown in Figure 6.3.3, we will observe that our design to this 
point requires only two state variables, whereas the actual device required 
three state variables. As we shall see shortly, the addition of the extra state 
variable is a product of the desire to reduce the total number of gates in the 
implementation to a minimum. So, for the moment, let us proceed with the 
analysis based on the four-state transition table given in Figure 6.7.20. Figure 
6.7.21 shows the excitation tables for the two state variables y, and y 0 , from 
which the corresponding equations become 



Y\ = yjyo + y\C + yoC 
= yoC + yi(y 0 + C) 

Y 0 = CD + >>o D + y 0 C 
= yo C + D(y 0 + C) 

Figure 6.7.22 shows the resulting implementation, in which a total of 7 gates 
are used to realize Equations (6.7.7) and (6.7.8). Note the marked similarity 
between this circuit and the one shown in Figure 6.3.2(b). 

A level shifter is required in the implementation shown in Figure 6.7.22 
to match the output of yo , which is asserted high, to the input of gate 6, which 



(6.7.7) 

(6.7.8) 




